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ABSTRACT. This chapter surveys the boundedly rational heterogeneous agent
(BRHA) models of ﬁnancial markets, to the development of which the authors
and several co-authors have contributed in various papers. We give particular
emphasis to role of the market clearing mechanism used, the utility function
of the investors, the interaction of price and wealth dynamics, portfolio implica-
tions, the impact of stochastic elements on the markets dynamics, and calibration
of this class of models. Due to agents’ behavioural features and market noise,
the BRHA models are both nonlinear and stochastic. We show that the BRHA
models produce both a locally stable fundamental equilibrium corresponding to
that of standard paradigm, as well as instability with a consequent rich range
of possible complex behaviours characterised both indirectly by simulation and
directly by stochastic bifurcations. A calibrated model is able to reproduce quite
well the stylized facts of ﬁnancial markets. The BRHA framework is thus able to
accommodate market features that seem not easily reconcilable for the standard
ﬁnancial market paradigm, such as fat tail, volatility clustering, large excursions
from the fundamental and bubbles.
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1. INTRODUCTION
One of the main building blocks of the modern theory of ﬁnance relies on the para-
digm that asserts that asset prices are the outcome of the market interaction of util-
ity maximising agents who use rational expectations when forming expectations
about future market outcomes. Preferences of agents are assumed to satisfy condi-
tions that enable the mass of investors to be considered as a single representative
agent. Since agents are rationally impounding all relevant information into their
trading decisions the movement of prices is assumed to be perfectly random and
hence exhibit random walk behaviour. This view is important in empirical ﬁnance
because itis the theoretical underpinning of the efﬁcient markets hypothesis and as-
set pricing theories generally. It is also the basis of the stochastic price mechanisms
assumed in many of the key theoretical models in ﬁnance, such as the optimal port-
folio rules that have developed out of the work of Markowitz (1952) and Merton
(1971), the static and intertemporal capital asset pricing model of Sharpe (1964),
Lintner (1965), Mossin (1966) and Merton (1974) and models for the pricing of
contingent claims beginning with the work of Black & Scholes (1973). The im-
pressive statistical evidence in favour of market efﬁciency, discussed for example
by Fama (1976), has been taken as support for the random walk model and for a
long time ﬁnancial economists were contented with this view as the explanation of
the time series behaviour of observed asset prices.
A range of empirical studies, however, led to some questioning of the basic tenets
of the efﬁcient markets model, or at least of the view that it suggests for asset price
dynamics. For a start, there has been a large number of studies reporting various
anomalies relating excess returns to a variety of factors such as ﬁrm size, lever-
age, the book value of equity, and earnings/price ratio to name some of the most
widely studied. There is also empirical evidence that stock prices over/under react
to earnings announcements (see Bernard (1993)), suggesting that information is
not being instantaneously impounded into prices as the efﬁcient markets paradigm
would suggest. Much of the anomalies literature is surveyed by Keim (1988). A
number of authors have carried out so called volatility tests which basically reveal
that market prices have far more volatility than can be ascribed to the underlying
fundamentals (supposedly expected future dividends) - much of this literature is
surveyed by Cochrane (1991), but see also Shiller (1981). It should be pointed out
that some authors such as Marsh & Merton (1986) have criticised volatility tests
on methodological grounds. These results have suggested to some authors that
asset prices are not only the result of rational investors reacting rationally to the
shocks impinging on the market, but also contain at least some element of what
has come to be called “irrational” behaviour, but that in this chapter we prefer to
call boundedly rational behaviour. This led to the development of mean reverting
fads models as suggested by Shiller & Perron (1985) and Summers (1986), though
these seem unable to account for the departures from the random walk model. Ac-
cording to the efﬁcient markets paradigm large market movements should be the
result of some large news event. But many large market movements, in particu-
lar the stock market crash of 1987, some of the “crashettes” during the 1990s and
the recent large market movement world-wide in February 2007, seem to be not
at all related to any speciﬁc news event. Certainly the 1987 crash has been wellHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 3
researched but so far there is no satisfactory explanation of what was the “news
event” that triggered such a large market movement.
Signiﬁcantly, despite the dominance of the random walk/efﬁcient markets para-
digm in the academic literature and its espousal by business schools, some major
investment institutions continue to devote a considerable amount of valuable re-
sources to technical analysis as evidenced for example in the surveys of Allen &
Taylor (1990), Frankel & Froot (1987) and Taylor & Allen (1992). Indeed there
is some evidence that such techniques meet with some measure of success, see for
example Pruitt & White (1988). From a theoretical perspective there had always
been dissatisfaction with the extreme assumptions of rationality and computational
powerascribed tothe rational economic agent of thestandard paradigm, going back
at least to the writings of Simon (1997). Furthermore the concept of the no trade
theorem in efﬁcient markets, popularized by Milgrom & Stokey (1982), seems to
stand in stark contrast to the incredible volume of trade observed in ﬁnancial mar-
kets. We should also mention the developments in so-called behavioural ﬁnance,
see for example Stracca (2004), that question the efﬁcient markets paradigm more
from a behavioural or psychological perspective.
As a result of the above considerations there developed during the 1990s an al-
ternative paradigm of asset price dynamics that took into consideration the fact
that investors in the real world can at best be boundedly rational, have limited
computational power and are heterogeneous with respect to risk-preferences and
the way in which they form expectations. There were in fact some important an-
tecedents to this new literature, in particular Zeeman (1974) who postulated two
groups of investors, fundamentalists and chartists, and set up the market dynamics
within the frameworks of catastrophe theory. Unfortunately his contribution came
at the time that the so-called rational expectations revolution was beginning to take
a very strong grip on the mind-set of economists. Since Zeeman’s model started
with the premise that some investors might not be fully rational (in the sense used
by rational expectations economists) his contribution was completely overlooked.
Furthermore the fact that the dynamics of Zeeman’s model were expressed in the
language of catastrophe theory may also have impeded further developments. As
we now know the language of the theory of non-linear dynamical systems is a far
more suitable framework, and the sudden jump type of behaviour in reaction to a
smooth change in a parameter observed in catastrophe theory models can be ob-
tained if certain speeds of adjustment go to inﬁnity (so that relaxation cycles result,
see Chiarella (1986)). This theory only started its modern phase of development in
the late 1970s. Another important early contribution was that of Beja & Goldman
(1980) who also posited a simple differential equation model of fundamentalists
and chartists and showed that if the chartists were dominant in some sense then the
market would tend to instability and some sort of breakdown. Interestingly enough
this contribution appeared in the pages of the Journal of Finance, which some may
regard as the ultimate bastion of the efﬁcient markets paradigm. Whilst the Beja
and Goldman article found little resonance in the traditional ﬁnance literature, not
even in the fads literature that developed later, it certainly had an impact on the
development of the boundedly rational heterogeneous agent paradigm that we sur-
vey here. Frankel & Froot (1990) also developed a fundamentalist and chartist4 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
framework to try to explain the long deviation of the US dollar from its supposed
fundamental value during the 1980s. These authors also provided some survey
evidence of the use of fundamentalism and chartism in foreign exchange markets.
The boundedly rational heterogeneous agent (BRHA) literature can be considered
to have properly started with a number of contributions in the early 90’s. Day &
Huang (1990) and Chiarella (1992) took the fundamentalist/chartist framework of
the earlier cited literature and added to it some type of behavioural nonlinearity
(such as an asset demand function) that resulted in the models exhibiting bounded
dynamic behaviour when the steady-state becomes locally unstable. The contribu-
tion by Kirman (1992) was inﬂuential in changing the viewpoint about the repre-
sentative agent. Kirman (1993) further promoted the idea of agents imitating one
another, which led to the contributions of Lux (1995, 1998) who took the paradigm
much further and in the direction of getting the models to generate the type of re-
turn behaviour observed in ﬁnancial markets, in particular fat tail phenomena. In
fact getting the BRHA models to generate the so-called stylised facts of ﬁnancial
market behaviour has become a feature of recent research, as have attempts to esti-
mate such models. The model of Lux & Marchesi (1999) contains fundamentalists
and pessimistic as well as optimistic trend followers, and also allows agents to
switch amongst these groups depending on the evolution of the market. The model
is able to generate periods of extreme volatility and long deviations from the fun-
damental, without any strong news event triggering off such movements. Another
inﬂuential set of contributions has been that of Brock and Hommes (1997, 1998)
who developed and analysed in detail the concept that investors are choosing from
a range of strategies (fundamentalism, pessimistic chartism, optimistic chartism
and so forth) and switch to the more ‘ﬁt’ one (ﬁtness for instance being measured
by some weighted average of recent returns) as the market evolves. This idea has
been incorporated into many subsequent models.
There have been a number of recent surveys of the BRHA paradigm, most notably
those of Hommes (2006) and LeBaron (2006). In this survey we shall focus on
the paradigm developed by the authors (and several co-authors) in various papers
giving particular emphasis to the role of the market clearing mechanism used, the
type of utility function of the investors, the interaction of price and wealth dy-
namics, portfolio implications, the impact of stochastic elements on the markets
dynamics, and calibration and estimation of this class of models. The important
point to stress is that the model of boundedly rational behaviour that we introduce
takes the traditional one-period optimisation model that is the basis of the CAPM
and perturbs it in two essential ways. First, we allow agents to be heterogeneous
with respect to their expectations about the distribution of the future returns of
risky assets. Agents’ expectations will be driven by observations of past returns
so that the agents exhibit expectations feedback. This, together with the fact that
the one-period optimisation is assumed to be continually repeated gives the models
their dynamic behaviour. Second, we allow one group of agents, usually known as
fundamentalists to have greater knowledge about the economy. These agents have
some notion of the fundamental price and perhaps also of the strategies of other
agents in the economy
1.
1See in particular B¨ ohm & Wenzelburger (2008).HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 5
The chapter unfolds in the following way. In Section 2 we give an overview of
where we feel the standard paradigm needs to be adjusted and so lay out the basic
building blocks of the boundedly rational heterogeneous agent (BRHA) frame-
work, including portfolio optimisation, agents’ utility functions, the market clear-
ing mechanism and expectations feedback. When agents have constant absolute
risk aversion (CARA) utility functions, the dynamics of the wealth process do not
feed back into the dynamics governing the price process. Whilst this separation
is convenient from a certain perspective it has the disadvantage that such models
have difﬁculty in generating the type of growing price process that we observe
in reality. When agents have constant relative risk aversion (CRRA) utility, the
dynamics for price and wealth are intertwined and growing over time, and hence
follow non stationary dynamical process (in the dynamical systems sense of not
having a steady state). In Sections 3 and 4 we consider behaviour of the price dy-
namics under two kinds of market clearing mechanism, the Walrasian auctioneer
and the market maker, when agents have CARA and CRRA, respectively, utility
functions. In Section 5 we review the stylised facts of ﬁnancial markets and we
explore whether these can be reproduced by the characteristics of the returns pro-
cesses of the models of Sections 3 and 4, when perturbed by a noisy fundamental
and market noise, in particular the power-law behaviour in returns and volatility
clustering. In Section 6 we expand the framework of Section 3 and Section 4 to
the situation of many risky assets, thus investigating how agent heterogeneity, and
in particular their beliefs about covariance between risky assets, affects portfolio
diversiﬁcation. In Section 7 we consider further the issue of the interaction of
the bifurcation behaviour of a stochastic continuous time model and outline recent
attempts to approach this issue using the tools of stochastic bifurcation theory. Sec-
tion 8 will conclude by pointing out the many unﬁnished issues in the development
of the heterogeneous agent paradigm of ﬁnancial markets and point to some future
research directions.
2. HETEROGENEITY AND MARKET CLEARING MECHANISMS
Whilst there might be agreement that the standard paradigm does not fully explain
what is causing the evolution of speculative asset prices, there may be less agree-
ment on where to start to build an improved paradigm. By and large the view
that has been adopted in the BRHA literature is to retain expected utility max-
imisation as the goal of each agent, but to allow the agents to have different risk
preferences and different expectations, rather than the single homogeneous rational
expectation, about future possible returns. The expectations differ since agents are
assumed to have different information and beliefs. Thus the asset price modelling
framework that we develop in this section is based on the fact that trading is driven
more by differences in expectations than by the random arrival of news events.
Within this framework, a simple market of one risky asset and one risk free asset
with agents having different expectations is considered with two different types of
utility functions and two different market clearing mechanisms. The framework
provides the basic elements and structure of the various models we will discuss
in the following sections. The basic building blocks of this framework are port-
folio optimisation, agents’ utility functions, the market clearing mechanism and6 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
expectations feedback. We shall now discuss the role of each of these elements in
determining the price map driving the price dynamics.
Portfolio Optimisation—We take as our starting point the basic problem of agents
allocating their wealth in a market with a risky asset (except Section 6 where there
are many risky assets) and a risk free asset. We assume each agent optimises one
period ahead and applies the resulting optimal investment rule period-by-period.
Let Pt be the risky asset price, yt the dividend (both at time t), and R = 1 + rf
where rf is the risk free interest rate. The asset (proportional) return, over the time
period (t,t + 1), is deﬁned by rt+1 = (Pt+1 + yt+1)/Pt − 1. For agent i, let
Wi,t be the wealth, zi,t the holding of the amount of the risky asset, and πi,t the
proportion of wealth invested in the risky asset at time t, hence πi,tWi,t = zi,tPt.
Then the wealth dynamics of agent i can be formed either in terms of the number
of shares, zi,t, as
Wi,t+1 = RWi,t + (Pt+1 + yt+1 − RPt)zi,t, (1)
or in terms of the wealth proportion, πi,t, according to
Wi,t+1 = Wi,t[R + (rt+1 − rf)πi,t]. (2)
Agent i myopically maximises Ei,t[Ui(Wi,t+1)] in terms of either the amount of
the asset (zi,t) or the wealth proportion (πi,t), where Ei,t denotes the expectation
formed by agent i conditional on his/her information up to time t and Ui is the
agent’s utility function. An alternative approach to expected utility maximization
is to assume a “reasonable” asset demand function as is done by Beja & Gold-
man (1980), Day & Huang (1990), Chiarella (1992), Chiarella, He & Hommes
(2006) and several other authors. It often turns out that such seemingly ‘ad hoc’
demand functions can be reconciled with some underlying expected utility max-
imising story (see, for example, Chiarella, Dieci & Gardini (2002)).
Utility Functions—The type of utility function employed will determine the na-
ture of the dynamics of the price and wealth processes, for instance, if they are cou-
pled or separated and growing or non-growing processes. Generally, two classes
of CARA and CRRA utility functions, have been considered in the literature. We
will see that their implications for the price and wealth dynamics are signiﬁcantly
different.
As a CARA utility function, we consider the utility function for agent i given by
Ui(W) = −e−αiW, (3)
where αi is the agent’s absolute risk aversion coefﬁcient. If the next period wealth
is assumed to be conditionally normal, as we shall assume then maximising ex-
pected utility ofwealth, maxzi,t Ei,t[Ui(Wi,t+1)], isequivalent tomean-variance
optimisation ofthecertainty equivalent ofwealth,2 maxzi,t[Ei,t(Wi,t+1)−(αi/2)Vi,t(Wi,t+1)],
where Vi,t denotes the conditional variance. Consequently, the asset demand (in
quantity terms) is independent of wealth. It is this important feature that makes the
dynamics of equilibrium prices evolve independently of the dynamics for wealth
in the CARA framework. This feature has been used to characterise a non-growing
price process, at least for deterministic models, in the literature. As a result the
2Note that if ˜ x ∼ N( , σ
2) then E[e
˜ x] = e
 + 1
2 σ2
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price dynamics are driven by a non growing process, a fact which has allowed
many analytical results to be obtained in the literature.




1−γi , γi  = 1,
lnW, γi = 1,
(4)
where γi is the agent’s relative risk aversion coefﬁcient. If the next period return
is assumed to be conditionally normal, as we usually assume for a growing wealth
process, then maximising expected utility of wealth maxπi,t Ei,t[Ui(Wi,t+1)]
implies that the optimal wealth proportion πi,t is independent of the wealth. Con-
sequently, when the market clearing price is determined by the excess demand, we
will see that this makes the price dynamics much more involved since the dynam-
ics of the wealth process also needs to be taken into consideration. This feature of
CRRA utility function leads to a growing price process, which gives us the realistic
feature that both price and wealth are growing. Levy & Levy (1996) have analysed
numerically a heterogeneous agent model with U(W) = lnW, and found that
heterogeneous expectations yield more realistic asset price dynamics, compared to
the corresponding homogeneous expectations.
For both types of utility function, once individual demands are formed these come
together to form the market aggregate demand, which is most conveniently dis-
cussed in quantity terms. Assume all the agents in the market can be grouped
into I types according to their expectations. Let ni,t denote the fraction of type i
agents at time t. Then the average market aggregate demand (in terms of number





The fraction of agents ni,t may either be held ﬁxed in each period, or be allowed
to vary (or switch) according to some measure of the ﬁtness of the expectations
scheme being used (see Dieci, Foroni, Gardini & He (2006)). The most common
switching strategies are those introduced by Brock & Hommes (1997, 1998) and
will be discussed in the next section.
Market Clearing Mechanisms—These are the mechanisms by which the market
price is arrived at. The two most frequently used mechanisms being the Walrasian
auctioneer, widely used in economic theory but which as O’Hara (1995) points out
is used in only one market (the market for silver in London), and the market maker
mechanism, which is close in spirit to the specialist system. We will see that each
mechanism leads to a different formulation of the market equilibrium conditions,
which in turn have a different impact on the market price dynamics.
In the Walrasian auctioneer scenario each agent solves his/her optimisation prob-
lem treating the market clearing price in that period as parametric. The auctioneer
announces a price and receives from all market participants what their demand/
supply would be at that price. The auctioneer then determines what is the excess8 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
demand at that price. The auctioneer keeps announcing prices until a price is ar-
rived at that sets excess demand to zero - this price is then set by the auctioneer as
the price for trading in the current period. Via this scenario each agent is effectively
giving to the auctioneer his/her excess demand schedule, the auctioneer then ag-
gregates these to obtain the market clearing price. Thus essentially the auctioneer
mechanism ﬁnds the market clearing price Pt at time period t such that
I  
i=1
ni,tzi,t = Nt, (6)
where Nt isthe average supply of shares peragent attime t, which can change over
the time, duefor instance to either new shares being issued orthe splitting ofshares.
It should be stressed that in this scenario since, when agents form their demands,
neither the price Pt nor the return rt is known yet, expectations and hence demands
of agents are formed based on information up to time t −1. Therefore, the market
clearing price Pt is deﬁned implicitly by (6). It turns out that in the case of CARA
utility this procedure leads to a mathematically well deﬁned price map, however in
the case of CRRA utility, because of the dependence of demand on both price and
wealth, this may not always be so.
An alternative market clearing mechanism is that of the market maker. At time
period t, the market maker announces a price Pt based on the excess demand in the
previous period t−1, given this price Pt the agents compute their optimal demands
for the asset for time period t. The aggregation of these gives the aggregate market
demand, which when matched with the supply of asset yields the excess demand.
The market maker takes an offsetting long or short position in the risky asset so
that the excess demand for period t is zero. The market maker then announces a
price Pt+1 for time period t + 1 that moves the price in the direction of reducing
the excess demand. Thus under this scenario the price map has the general form
Pt+1 = Pt +  [zt − Nt] = Pt +  





where   > 0 measures the market maker’s speed of reaction to the excess de-
mand.3 In contrast to the map obtained under the Walrasian auctioneer scenario,
equation (7) is an explicit map for Pt+1. Furthermore since agents know the price
Pt when forming their demands at time t, expectations are based on information
up to time t. Thus the price maps that come out of this market clearing mech-
anisms can be and indeed are quite different from the ones under the Walrasian
mechanism. A potential problem with this mechanism is that the market maker
could end up with unsustainably large long or short positions, though for most of
the models considered below the price ﬂuctuations result in the market maker hav-
ing, over time, a reasonably balanced position overall. Here and in the literature
that we review the market maker plays a very simple role. Much more could (and
should) be done to model the behaviour and incentives of the market maker – see
for example Ho & Stoll (1981), Peck (1990), and Madhavan (2000). As we shall
3In many discussions of this mechanism it is often assumed that the supply of the asset, Nt = 0,
so that the excess demand is simply the aggregate demand. As explained in Chiarella, Dieci & He
(2007b) this amounts to having a risk-neutral fundamental price. Cases with non-zero supply of the
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see in the analysis below the type of market clearing mechanism used does in fact
affect the dynamic behaviour of the models.
Noise—The framework developed above can also incorporate external noise fac-
tors by assuming that as well as the utility maximising component arising from the
optimisation problem of all of the agents, there is also some exogenous demand
component distributed around zero. This may be regarded as being due to some
exogenous demand component for each agent, or from the market as a whole per-
haps due to news events whose impact is not readily incorporated into the expected
utility maximising calculus, or just so-called noise trader effects. In a great deal
of literature this exogenous noisy demand is called irrational, and if one takes the
view that any component of demand not arising from expected utility maximisa-
tion is irrational, then the label follows by deﬁnition. In any event the aggregate




ni,tzi,t + ν  εt, (8)
where   εt ∼ N(0,1), the standard normal distribution, measures some exogenous
noise process affecting the market and ν is the standard deviation. Note that ad-
ditional sources of noise in (8) could be a noisy fundamental price process and a
noisy dividend process. We will specify the exact nature of the external noise in
the following discussion.
Expectations Feedback—The important feature of the structure (6) and (7) is that
the price generating mechanism is driven by expectations feedback. Observed mar-
ket prices are used to form expectations, which in turn feedback to generate prices.
It is this feedback mechanism that allows the BRHA models to generate much
greater volatility and long ﬂuctuations from the fundamental than seems possible
under rational expectations. In fact the dynamics underlying the rational expec-
tations model are not greatly discussed in the literature, though B¨ ohm & Wen-
zelburger (2008) do discuss this case. It is also of interest to note that B¨ ohm &
Chiarella (2005) have shown that the dynamics of a market in which agents have
homogeneous rational expectations with a positive risk free rate of interest are di-
vergent.
3. PRICE DYNAMICS IMPLIED BY THE CARA UTILITY FUNCTION
As we mentioned in the previous section, an important feature of the CARA util-
ity framework is that the price dynamics constitute a non-growing process that
evolves independently of wealth dynamics. In this section, we shall assume that
agents have the CARA utility function with different risk aversion coefﬁcients and
focus on the different types of market behaviour under the two different market
clearing mechanisms. Among the many types of possible heterogeneous agents,
we focus on two of the most popular types discussed in the literature — funda-
mentalists and trend followers. In the following, we ﬁrst introduce heterogeneous
expectations and a switching mechanism which allows agents to switch between10 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
different strategies based on some ﬁtness measure. We then examine the price dy-
namics under the Walrasian auctioneer market clearing mechanism by focusing on
the impact of different risk aversion coefﬁcients and extrapolation of the trend fol-
lowers. The study of the price dynamics under the market maker scenario is then
followed by an analysis of the impact of the activities of the market maker and
trend followers. A comparison of the price dynamics under the two different mar-
ket clearing mechanisms and the same strategy for the trend followers is provided
at the end of this section.
Fundamental Price and the Optimal Demand—With the CARA utility function
(3) and the framework in the previous section, the optimal asset demand (number
of shares) for agent i turns out to be given by
zi,t = Ei,t(Rt+1)/(αiVi,t(Rt+1)), (9)
where Rt+1 = Pt+1 + yt+1 − RPt denotes the excess (dollar) return on the
risky asset.
We are interested in how the market price is related to its fundamental price. There
may be many ways to estimate the fundamental price. In this section, we follow









if all agents were to hold common beliefs denoted by Et. Here we assume that the
dividend yt follows an i.i.d. process.
It will be convenient to deﬁne the deviation from the fundamental, xt = Pt−P ∗
t ,
so that the excess return Rt may be written
Rt+1 = xt+1 − Rxt + ζt+1, (10)
where we set ζt+1 = P ∗
t+1 +yt+1 −Et(P ∗
t+1 +yt+1). We note that this latter
quantity forms a martingale difference sequence, since Et(ζt+1) = 0 for all t.








Formation of Heterogeneous Beliefs—Let us now turn to the question as to how
agents form their beliefs about conditional means and variances. The beliefs are
assumed to have a common component based on knowledge of the fundamental
and dividends, and a component particular to each group of agents. Thus the het-
erogenous beliefs about the conditional mean and variance of the price are assumed
to be of the form
Ei,t(Pt+1 + yt+1) = Et(P ∗
t+1 + yt+1) + fi,t, (12)
Vi,t(Pt+1 + yt+1) = Vt(P ∗
t+1 + yt+1) + gi,t = σ2 + gi,t, (13)
where fi,t and gi,t are some deterministic functions of a window of the past Li
price deviations, we assume that each agent has a different window length Li, andHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 11
σ2 > 0 is a constant representing the volatility of the fundamental. It follows
from (12) and (13) that
Ei,t(Rt+1) = fi,t − Rxt, Vi,t(Rt+1) = σ2 + gi,t. (14)
For the different market clearing mechanisms, the conditional mean and variance
functions can have different forms. In the Walrasian auctioneer scenario, the mar-
ket clearing price Pt at time t is not in the information set of agents at time t.
Possible forms for the function fi,t are
fi,t = ei + di¯ xi,t, (15)
where ¯ xi,t could have three different forms:







• a geometric decay process (GDP)
¯ xi,t =








where δi ∈ [0,1] is the memory decay rate of agent i;
• the limiting geometric decay process (LGDP)
¯ xi,t = δi¯ xi,t−1 + (1 − δi)xt−1. (18)
Clearly LGDP is the limiting situation of GDP as Li → ∞, whilst MAP is ob-
tained from GDP by setting δi = 1. In the market maker scenario, the market
price Pt at time t is in the information set of agent i at time t. Hence the sum-
mations in (16) and (17) run from l = 0 to l = Li − 1, and (18) is replaced
by
¯ xi,t = δi¯ xi,t−1 + (1 − δi)xt.




i,t is the corresponding sample variance to the sample mean process above
and vi is a function that bounds the variance belief between some upper and lower
values. This variance belief function is inspired by Franke & Sethi (1998) and
operates in such a way that agents increase (decrease) their belief about variance
according to whether it has recently been high (low). The function vi plays the
role of putting upper and lower bounds on their estimates of future variance. Such
an expectations scheme could be based on a belief in some sort of mean reverting
process for volatility, which is certainly borne out by empirical studies.
Different investor types will be characterised by different values of ei, di and δi
in (15) and (17) . Thus we can identify three important groups as follows: (i)
Fundamentalists: ei = di = 0, (ii) Trend followers: ei = 0,di > 0 and (iii)
Contrarians: ei = 0,di < 0.12 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
Performance Measure and Switching—The quantities that still need to be spec-
iﬁed in (11) are the fractions ni,t. The scheme that has become widely used is
the one proposed by Brock & Hommes (1997) who assume that agents switch
strategies based on some measure of the ﬁtness of the various strategies. The most
convenient (but by no means not the only) ﬁtness measure is the realised proﬁt for
agent of type i, namely Rtzi,t−1. More generally we could allow the reaction
to realised proﬁts to be lagged and consider the geometrically declining weighted
average of realised proﬁts calculated according to
Mi,t = Rtzi,t−1 + ηiMi,t−1, (20)
where the parameter ηi(> 0) represents the memory strength of agent i. Due to
space limitations here we only consider the case ηi = 0, though broadly speaking
the effect of ηi > 0 is to slow down the dynamic as it causes agents to react less
quickly to the proﬁtability of a particular strategy. Brock & Hommes (1997) pro-
pose that the fractions ni,t be calculated on the basis of the ﬁtness in period t − 1
according to a discrete choice probability model (see Manski & McFadden (1981)
and Anderson, de Palma & Thisse (1993)), which under the Walrasian auctioneer
scenario assume the form4




where β(> 0) is the intensity of choice measuring how fast agents switch among
different prediction strategies. In particular, β = +∞ means that in each period
the entire mass of traders switches to the strategy that had highest ﬁtness in the
previous period, while β = 0 means that the mass of traders distributes itself
evenly across the set of available strategies. For 0 < β < ∞, a fraction of each
group of traders switches to the most recently successful strategy. Note that the
fraction ni,t is a random process in general due to the randomness of Rt.
A range of BRHA models can be obtained depending on how we specify expec-
tations, the market clearing mechanism assumed and whether agent proportions
remain ﬁxed or switch according to some ﬁtness measure. It is also possible to
have versions where part of the agent proportions remain ﬁxed and part are switch-
ing – see Dieci et al. (2006) in this regard. In the following two subsections we
will consider both the Walrasian auctioneer and the market maker price clearing
mechanisms. We shall analyse the type of equilibria that can arise, the stability
properties and the ensuing dynamic behaviour, and how these can differ for the
two different market clearing mechanisms.
3.1. Price Behaviour under the Walrasian Auctioneer Mechanism. The Wal-
rasian auctioneer market clearing mechanism, widely used in economic theory, has
been used in the context of BRHA models by amongst others Brock & Hommes
(1997, 1998), Gaunersdorfer (2000) and Chiarella & He (2002). In this case, as-
suming zero supply of shares, we then have from zt = 0, equations (11), (12),
4Note that under the market maker scenario the information set of agents includes Pt so that in
this case we replace Mi,t−1 in (21) by Mi,t.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 13












αi (σ2 + gi,t)
, (22)
which is the general form of the price map implicitly expressing Pt as a function of
past prices over a window determined by the largest Li. It then remains to specify
the mean and variance expectation functions fi,t and gi,t in order to obtain the
precise form of the price map.
An Asset Price Model of the Fundamentalists and Trend Followers—Chiarella
& He (2002) consider three types of agents; fundamentalists, trend chasers and
contrarians. By combining stability and bifurcation analysis and numerical sim-
ulation, they examine the market price behaviour and different routes to complex
dynamics that can occur. Due to limited space we shall here just concentrate on
the case of a market consisting of fundamentalists (i = 1) and trend followers
(i = 2). We also do not take the conditional variance component gi,t into the
account in order to simplify the analysis, that is we set gi,t = 0, and refer the
reader to Chiarella & He (2002) for a discussion of the general case. In terms of
the conditional mean function introduced above we shall assume that
f1,t = 0 and f2,t = d¯ xt, (23)
where ¯ xt = (1/L)
 L
i=1 xt−i is the price trend based on the moving average
over the last L price deviations and d > 0 measures the extrapolation rate of the
trend followers. Thus, the fundamentalists believe that the price will return to its
fundamental value and the trend followers form their expectation of next period’s
price based on the trend calculated from the past L realised prices. As pointed out
by Campbell and Kyle (1993) we would expect the fundamentalists to be more risk
averse than the trend followers, so in the subsequent analysis we shall assume that
a := α2/α1 < 1.
In models with two types of agents it is convenient to express the fractions n1,t
and n2,t in terms of the variable mt, deﬁned by mt = n1,t − n2,t so that
n1,t = (1 + mt)/2 and n2,t = (1 − mt)/2. (24)
With the above speciﬁcations, the use of (23) and (24) we ﬁnd that the price map






















Brock & Hommes (1998) consider (25) and (26) in the case when L = 1 and
all agent types have the same risk aversion coefﬁcient so that a = 1. Here we
consider the case of general L and a  = 1. In the following discussion, we assume
that the dividend process yt follows yt = ¯ y + ǫt, where ¯ y is the mean and ǫt is
an i.i.d. noise, which is assumed to be uniformly distributed on an interval [−ǫ,ǫ].
We ﬁrst focus on the deterministic dynamics by assuming ǫt = 0 for all t. Wethen
compare the dynamics with and without the noise by using numerical simulations.14 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
The Case of L = 1—Chiarella & He (2002) consider ﬁrst the case L = 1.
Depending on the extrapolation rate of the trend chasers, the system (25) and (26)
may have more than one steady state with different stability properties.
Theorem 3.1. Forthedeterministic system (25)and (26), letmeq := tanh(−
βC
2 ),
m∗ := 1− 2aR
d+R(a−1) and x∗ be the positive solution (which exists if and only if













• For 0 < d < R, the fundamental steady state E1 = (0,meq) of the
system is globally asymptotically stable;
• For R < d < (1 + a)R,
– if m∗ < meq then the fundamental equilibrium E1 is the unique,
globally stable steady state of the system;
– if m∗ > meq then the system has three steady states E1,E2 =
(x∗,m∗) and E3 = (−x∗,m∗) of which E1 is unstable;
• For d > (a + 1)R, the system has three steady states E1,E2 =
(x∗,m∗) and E3 = (−x∗,m∗) of which E1 is unstable.
Theorem 3.1 indicates that, when the trend followers extrapolate only weakly
(0 < d < R), the fundamental steady state E1 = (0,meq) is globally stable,
no matter what risk attitudes agents have. However, when d > R, the stability
of the fundamental equilibrium E1 depends on the risk aversion ratio a, which
measures the relative risk attitude between the two groups. When the trend follow-
ers extrapolate very strongly (d > (a + 1)R) the fundamental equilibrium E1
becomes unstable and bifurcates two additional nonzero steady states E2 and E3.
In the case of R < d < (a + 1)R, the fundamental equilibrium E1 is stable
when m∗ < meq and unstable when m∗ > meq. One can see that m∗ > meq
when a is small, that is when the trend followers become less risk averse than the
fundamentalists. This point will become clearer in the following discussion.
To fully understand the impact of the relative risk aversion ratio a on the dynamical
behaviour of themodel when R < d < (a+1)Rone needs tostudy how changes




) = 1 −
2a∗R
d + (a∗ − 1)R
, (28)
being the value of a at which meq = m∗. Then we have the following result.
Theorem 3.2. For the deterministic system (25) and (26), m∗ < meq if and only
if a > a∗. In addition,
• a pitchfork bifurcation occurs for a = a∗:
– for a > a∗, E1 is the unique stable equilibrium;
– for 0 < a < a∗, there are three equilibria E1,E2 and E3.
• there exists a∗∗ < a∗ such that E2 and E3 are stable for a ∈ (a∗∗,a∗)
and unstable for a < a∗∗. For a = a∗∗, E2 and E3 exhibit Hopf
bifurcations.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 15
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FIGURE 1. Trend followers versus fundamentalists: Phase plot of


















FIGURE 2. Trend followers versus fundamentalists: Bifurcation
diagram (a), and the largest Lyapunov exponent plot (b)
We note that for a = 1, Brock & Hommes (1998) obtained similar dynam-
ics by allowing the switching parameter β to vary. In order to obtain a bet-
ter picture of the dynamics we perform some simulations for the parameter set
R = 1.1,d = 1.2, C = 1.0,β = 3.5,σ2 = 1.0,α1 = 1.0 with initial
value (1.2, 0.7, -0.2) and the different values α2 = a = 0.9,0.95,1.0,1.1,
1.2. Obviously, R < d < (a + 1)R is satisﬁed. The pitchfork bifurcation
parameter value turns out to be a∗ = 3.01. Then the fundamental steady state
E1 is globally stable for a > 3.01. Fig. 1 shows plots of the attractors in the
(xt,mt) plane, there we see that the orbit converges to the positive equilibrium
E2 for a = 1.2 and then to an attracting invariant ‘circle’ surrounding E2 for
a = 1.1, which indicates that the Hopf bifurcation value a∗∗ ∈ (1.1,1.2).
Then as a decreases further, the ‘circle’ breaks into invariant sets. For a = 1,
the prices oscillate about the positive equilibrium E2 such that mt < 0 for all
time t and the market is dominated by the chartists. As a increases, the prices
are stabilized to E2. As a decreases Chiarella & He (2002) present time series
that show that the price switches between an unstable phase with an upward trend
and a stable phase with prices close to the fundamental value. Fig. 2(a) shows a
bifurcation diagram with respect to the relative risk ratio a, suggesting periodic
and quasi-periodic dynamics after the primary Hopf bifurcation as a decreases.
Fig. 2(b) shows the corresponding largest Lyapunov exponent plot, the positiv-
ity of which indicates chaotic behaviour. When the fundamentalists are more risk16 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
averse than trend followers (a < 1), a decrease in a leads to numerical evidence
for weakly chaotic asset prices ﬂuctuations with an irregular switching between a
point close to the fundamental price and upward and downward trends. The above
numerical simulations suggest that when the trend followers are more risk averse
than the fundamentalists, the market is dominated by the fundamentalists and the
prices converge to the fundamental value. When the fundamentalists are more risk
averse, the market becomes unstable, even chaotic. Further numerical simulations
(not reported here) conﬁrm that, when d < R, the fundamental equilibrium is
globally stable, no matter the degree of the risk aversion of both groups. When
d > (a + 1)R, the fundamental equilibrium is unstable.
TheCase of L ≥ 2—ForL ≥ 2, one can check that the equilibrium of the system
is same as the case when L = 1. The system has either one unique equilibrium
E1 or three equilibria E1,E2 and E3. In this more general case, one is more
interested in the stability of the fundamental equilibrium, about which Chiarella &
He (2002) obtain the following result.
Theorem 3.3. The fundamental steady state E1 of the deterministic system (25)


























FIGURE 3. Stability region of the fundamental steady state E1:
stable in A and B and unstable in C and D
Note that the condition (29) is independent of the lag length L. In particular, when
α1 = α2 (so that a = 1), the condition can be written as m∗ := 1 − 2R/d <
meq, which is the same condition derived by Brock & Hommes (1998) . Thus, the
above analysis provides a generalisation of their result to the situation of different
risk aversion coefﬁcients. The region of stability of the fundamental steady state
in the (a,d/R) plane is shown in Fig. 3, where the four regions A,B,C and
D are separated by the lines d
R = 1,1 + 1+meq
1−meqa and 1 + a, respectively.
The fundamental steady state is locally stable in regions A and B and unstable in
regions C and D. Furthermore, there exist two other steady states E2 and E3 in C
and D. Let a∗ be the value given by (28), then one can verify for a given value of
d/R(> 1) that a∗ = ( d
R − 1)1−meq
1+meq. Therefore, E1 is locally asymptotically
stable for a > a∗, since it will lie in the region B.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 17

































































































































































































































FIGURE 4. Trend followers versus fundamentalists: Phase plots
(x,m) for L = 2 (a1), L = 5 (b1) and L = 10 (c1) without
noise; Time series of xt without noise (for L = 2 (a2), L = 5
(b2) and L = 10 (c2)) and with noise (for L = 2 (a3), L = 5
(b3) and L = 10 (c3)).
We also carry out some simulations using the same parameter set as before and in
addition set β = 3.8. For the noisy case,5 we choose ǫ = 0.05. Now, it turns
5As before we assume that the dividend process yt follows yt = ¯ y + εt, where ¯ y is the mean
and εt is i.i.d. noise distributed uniformly on the interval [−ε, ε].18 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
out that a∗ = 4.06375. Figs.4 (a1), (b1) and (c1) show the phase plots in the
(xt,mt) plane for L = 2,5 and 10, respectively for different values of α2 = a
when ǫt = 0. Figs.4 (a2), (b2) and (c2) plot the corresponding time series for xt
without noise and Figs.4 (a3), (b3) and (c3) with noise. The numerical simulations
suggest that;
• Just as in the case when L = 1, there exists a second bifurcation value
a∗∗ ∈ (1.0,1.2) for L = 2,5 and 10.
• When lag length L increases, the attractors on the (xt,mt) plane become
more complicated. Say, for a = 0.5, when L = 2, the prices switch
between an unstable phase with an upward trend and a stable phase with
prices close to the fundamental value (see Figs.4 (a2)); when L = 5 and
L = 10, the prices ﬂuctuate away from the fundamental value; the periods
of upward trend for L = 10 are longer than when L = 5 (see Figs.4 (b2)
and (c2)).
• Theexternal noise has amore signiﬁcant effect on the dynamical behaviour
of the model with short lag length (L = 2 in Figs.4 (a3)) than long lag
length (L = 5 and 10 in Figs.4 (b3) and (c3)). Also, it has more effect
for a high ratio a than for a low ratio a. In other words, when the system
exhibits complicated behaviour without noise, adding noise has no signiﬁ-
cant effect on the dynamics (when the size of the noise is small); however,
if the system without noise is stable, adding noise can lead to signiﬁcant
changes in the dynamics of the system.
The impact of the lag length can be very complicated in general and we refer the
reader to Chiarella, He & Hommes (2006) for a discussion on the dynamics of the
moving average.
3.2. Price Behaviour under the Market Maker Mechanism. We now examine
price behaviour when the market price is determined via a market maker mecha-
nism. In this case, as discussed earlier, with a zero supply of shares and a market
consisting of fundamentalists (i = 1) and trend followers (i = 2), the dynamics
for the price deviation can be expressed as
xt+1 = xt +  [(1 + mt)z1,t + (1 − mt)z2,t]/2, (30)
mt = tanh(βRt[z1,t−1 − z2,t−1]/2 − βC/2). (31)
The system (30) and (31) has been extensively analysed by Chiarella & He (2003)
in the case when ﬁrst moment beliefs are given by (12) with f1,t = 0, f2,t = d¯ xt
and second moment beliefs are constant, so that gi,t = 0 in (14). Different from
the previous case, the price Pt at time t is part of the agents’ information set and
hence appears in the geometric moving average, so that
¯ xt =
  L−1  
i=0
δi
 −1 L−1  
i=0
δi
ixt−i, δ ∈ [0,1].
Chiarella & He (2003) show that the equilibrium of (30) and (31) is exactly the
same as the corresponding Walrasian auctioneer equilibrium in the previous sub-
section. It is in the dynamic behaviour that the two market clearing scenarios differ.
Here we shall just give results for the case of the geometric decay process with ﬁ-
nite memory and recall that this includes as a special case the moving averageHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 19
process. We focus in particular on the impact of the speed of adjustment of the
market maker ( ), the extrapolation rate of the trend followers (d), the decay rate
(δ), and the lag length (L).
The Local Stability of the Fundamental Steady State—It turns out that the
dynamics of the market maker scenario depend on the parameter combination
¯   :=  /4α2σ2 which is the speed of adjustment of the market maker weighted
(negatively) by the risk-aversion of the chartists and the strength of the variance.
Chiarella & He (2003) ﬁnd that the local stable and unstable regions of the fun-
damental steady state in the (d, ¯  ) plane for various δ and L can be depicted as
shown in Fig. 5 for different lag lengths and different values of the decay rate.
With regard to the (local) stability region of the fundamental steady state in the
(d, ¯  ) parameter space of the extrapolation rates and the adjustment speed of the
market-maker, one can see the following:
• For ﬁxed δ, an increase in the lag length L does not necessarily enlarge
the stability region as illustrated in Fig. 5 (d). There does not seem to be
any connection between the lag length and the size of the stability region.
This observation contradicts a common belief that the stability regions are
enlarged when agents include more historical data in forecasting rules.
• For ﬁxed lag length L = 2,3, a decrease in the memory decay rate δ
enlarges the local stability region of the fundamental steady state, as illus-
trated in Figs. 5 (b) and (c).
• The stability region for L = 2,3 becomes the stability region for L = 1
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U
FIGURE 5. Unstable region (as indicated by U) and local stability
regions (whose upper bounds are given by the various curves) of
the fundamental steady state for L = 1 (a); L = 2 (b) and
L = 3 (c) with different δ ∈ [0,1]. (d) Comparison of the local
















































FIGURE 6. Time series for L = 2 with different values of   =
0.9,1.2,1.5 without noise (the left panel) and with noise (the
right panel) for δ = 0.5.
Chiarella & He (2003) use numerical simulation to determine the effect of the lag
length L. They show that, when the fundamental steady state becomes unstable,
the price series can converge to one of the non-fundamental equilibria for L = 3,
but to (quasi)periodic orbits for L = 5 and 10 with the phase plots of the prices
series being closed orbits encircling the non-fundamental steady-states.
Nonlinear Dynamics under the Moving Average Process—For the moving aver-
age process, unlike the asset price model under the Walrasian scenario, the stabil-
ity conditions are much more related to the speed of the adjustment of the market
maker for different lag lengths and, in general, increasing the lag length does not
necessary increase the stability of the fundamental steady-state. This is also con-
ﬁrmed in Chiarella, He & Hommes (2006). It may or may not be the case that the
stability of the non-fundamental equilibria are improved as the lag length increases.
Chiarella & He (2003) show that, when the steady state becomes unstable, the time
series for L = 1 ﬂuctuates about the fundamental equilibrium initially, is then
stabilized to one of the non-fundamental equilibria for L = 2 and 3, but increas-
ing L further to 5 and 10 leads to some periodic cycles, which can be regarded as
bifurcations from the non-fundamental equilibria 6.
Nonlinear Dynamics underthe Geometric Decay Process—For the general geo-
metric decay process, a further important effect is that of the speed of adjust-
ment of the market maker  . For L = 2, Fig. 6 illustrates the time series for
  = 0.9,1.2,1.5 without and with noise (ǫ = 0.05). Without noise, the
ﬁgures indicate that, when the trend followers extrapolate strongly, a small ad-
justment from the market-maker leads the price to converge to one of the non-
fundamental steady-states. However, as the market-maker adjusts more strongly
in a way such that both forces from extrapolation of the trend chasers and adjust-
ment of the market maker are balanced, the price ﬂuctuates periodically or quasi-
periodically around one of the non-fundamental steady-states. Large adjustment
from the market-maker results in the breaking of such balance, leading the price
to ﬂuctuate among the three steady-states. Adding the noise ampliﬁes the above
6We do not discuss the stability of the non-fundamental equilibria due to space limitations.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 21
effects. In general, large decay rates δ stabilise the price dynamics, whereas small
decay rates destabilise the price dynamics, leading to quasi-periodic cycles.
Comparison oftheTwoMarketClearing Mechanisms—Bycomparing theprice
dynamics under the Walrasian and market maker scenarios, we arrive at the fol-
lowing conclusion concerning BRHA models with agents having CARA utility
functions:
• When the moving average process is used by the trend followers, with the
Walrasian market clearing scenario, the local stability of the fundamen-
tal steady-state is completely characterized by the extrapolation rate of the
trend followers and the ratio of the risk aversion coefﬁcients of the fun-
damentalists and the trend followers, but not the lag length. Complicated
price dynamics can only be generated through saddle-node type bifurca-
tions. However, under the market maker scenario, the stability of the fun-
damental steady-state is maintained only when the speed of adjustment of
the market maker is low and balanced with the extrapolation rate of the
trend followers. Furthermore, complicated price dynamics can be gener-
atedthrough different types of bifurcations. Anincrease inlag length under
the market maker scenario may not necessarily enlarge the local stability
region. However, different lag lengths can complicate the price dynamics
in different way under both scenarios.
• The geometric decay rate for the trend followers has more complicated ef-
fects on the price dynamics under the market maker scenario. When the
trend followers extrapolate weakly, a decrease in the decay rate enlarges
the local stability region of the fundamental steady-state. However, when
the fundamental steady state becomes unstable and the trend followers ex-
trapolate strongly, an increase in the decay rate can stabilize the price to
either one of the non-fundamental steady states or to cyclical attractors.
• When the fundamental steady state becomes unstable, the price can be
pushed either to one of the two non-fundamental steady states or to cycles
enclosing them under the Walrasian scenario. However, under the market
maker scenario, the price can ﬂuctuate among the three steady states. This
is in particular the case when noise impinges on the system and volatility
clustering can be observed.
In summary, the dynamical behavior of the BRHA asset pricing model under the
market maker scenario is considerably enriched and has some signiﬁcant differ-
ences from its behaviour under the Walrasian auctioneer scenario.
4. PRICE BEHAVIOUR AND WEALTH DYNAMICS IMPLIED BY THE CRRA
UTILITY
This section deals with models of asset price dynamics where boundedly rational
heterogeneous agents are characterized by CRRAutility, of the type represented by
equation (4). The BRHA literature has primarily focused on models with CARA
investors, essentially for reasons of analytical tractability. As a matter of fact, it is22 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
not possible, in general, to arrive at an exact solution to the agent’s expected util-
ity maximisation problem in the case of CRRA utility, though of course approx-
imate solutions can be provided (see, for instance, Campbell & Viceira (2002)).
However, a number of models assuming CRRA preferences have been proposed
in recent years, starting from Levy, Levy & Solomon (1994, 2000), Zschischang
& Lux (2001), the analysis of which relies essentially on numerical simulation.
One reason for these developments is that the assumption of CRRA utility is con-
sidered more realistic than CARA, from a number of standpoints.7 One of the
characterising features of optimal portfolio allocation under CRRA utility is that
the proportion of wealth to be invested in the risky asset(s) does not depend on the
wealth level. Therefore, the time evolution of the wealth of agent i is conveniently
represented by equation (2), namely
Wi,t+1 = Wi,t[R + (rt+1 − rf)πi,t],
where the optimal wealth proportion invested in the risky asset, πi,t, turns out to
be independent of Wi,t. As a consequence, unlike the case of CARA utility, the
optimal demand in quantity terms (zi,t = πi,tWi,t/Pt) is proportional, ceteris
paribus, to Wi,t. Since prices depend on aggregate excess demand via the partic-
ular price setting mechanism, the dynamics of prices (and returns) will be affected
by the dynamics of the wealth of each agent, that is prices and wealth co-evolve
over time. This results in general in dynamical systems of higher dimension than
in the case of CARA utility. The discussion of this section draws on the two mod-
els presented by Chiarella & He (2001) and Chiarella, Dieci & Gardini (2006) .
The models are rather stylized but have the advantage of allowing some analytical
tractability. They share a number of common features related to the formation of
optimal portfolios and the evolution of wealth dynamics.
Optimal Portfolio and Wealth Dynamics—As solution to agent-type i’s maxi-
mization problem, maxπi,t Ei,t[Ui(Wi,t+1)] we obtain the approximation (see





It is possible to group the population of heterogeneous traders into different agent-
types, so that agents within the same group are homogeneous in terms of their
beliefs and risk attitudes: the differences in wealth across agents of the same type
have no inﬂuence on the dynamics because the proportion πt will be the same for
all investors within the same group, so that only total wealth of each group (or
equivalently the average wealth of each agent-type) matters for the time evolution
of the system8.
7As reported for instance by Levy, Levy & Solomon (2000) , the results of various experiments
support DARA (Decreasing Absolute Risk Aversion), rather than CARA preferences, which is con-
sistent with Constant Relative Risk Aversion. Moreover, as pointed out by Campbell & Viceira
(2002) , the absence of long-term trends in certain ﬁnancial variables, such as interest rates and risk
premia, inface of long-run economic growth, impliesthat relative riskaversionisalmost independent
of wealth.
8Modelling the population of CRRA traders as grouped into different types, which is convenient
when the population proportion of each group is ﬁxed over time, may present some difﬁculties if
agents are allowed to switch amongst different groups, depending on some ﬁtness measure. The case
of time varying proportions is discussed in Chiarella & He (2005) and Chiarella & He (2008).HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 23
The models formulated in terms of the price, Pt, and the wealth of each group,
Wi,t may result in dynamical systems where such variables are growing over
time. However, the models can be rewritten in terms of return rt := (Pt −
Pt−1 + yt)/Pt−1 (or ‘price return’ κt := (Pt − Pt−1)/Pt−1) and wealth
shares ωi,t := Wi,t/Wt, Wt :=
 
i Wi,t, which allows us to deal with ‘station-
ary’ systems, by which we mean dynamic models that admit steady state solutions.
In particular, the wealth share of each group evolves according to the same basic
equation
ωi,t+1 =
ωi,t [R + πi,t(rt+1 − rf)]
 
j ωj,t[R + πj,t(rt+1 − rf)]
, (33)







ωi,t[R + πi,t(rt+1 − rf)],
where the quantity Wt+1/Wt can be expressed as
Wt+1
Wt




The two models in Chiarella & He (2001) and Chiarella, Dieci & Gardini (2006)
differ in terms of the market clearing mechanism and scheme for agents’ expecta-
tion formation, which affects the way the quantities πi,t are determined. The dif-
ference in the assumed price setting rules will determine different laws of motion
for the return rt in the two models, as demonstrated in the following discussion.
4.1. Price and Wealth Behaviour with a Walrasian Auctioneer. The reader
should keep in mind that under the Walrasian mechanism, agents’ information set
at time t consists of realized returns up to time t − 1. In period t agents of type
i form their beliefs about the ﬁrst and second moment of next period’s return ac-
cording to
Ei,t(rt+1) = fi(rt−1,rt−2,...,rt−Li), (35)
Vi,t(rt+1) = gi(rt−1,rt−2,...,rt−Li), (36)
where Li are integers and fi, gi are deterministic functions which can differ across
investors. Assuming log-utility, Ui(W) = lnW, an approximate solution for the
optimum investment proportion attimetisgivenbyπi,t = (Ei,t(rt+1) − rf)/Vi,t(rt+1),
which corresponds to equation (32) with γi = 1. Such an investment proportion
thus turns out to be determined once the price and dividend history (Pt−1, Pt−2,
...; yt−1, yt−2, ...) up to time t−1 is known. The dividend yield νt := yt/Pt−1
is assumed to follow an i.i.d. normal process with mean ν and variance σ2
ν. Note
that agents are not assumed to form beliefs about dividends but to look directly at
the total return rt+1.
Market Clearing — Assuming a constant supply N of shares in the market, under
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from which Pt = 1
N
 
i πi,tWi,t, and therefore the return satisﬁes
1 + rt+1 =
 





where Wt+1/Wt is given by (34), while the quantity
 






i πi,t+1ωi,t[R + πi,t(rt+1 − rf)]
 
i ωi,t [R + πi,t(rt+1 − rf)]
. (38)
By substituting (34) and (38) into (37) and solving for rt+1 one ﬁnally obtains
rt+1 = rf +
 
i ωi,t [R(πi,t+1 − πi,t) + πi,tνt+1]
 
i πi,tωi,t(1 − πi,t+1)
. (39)
Equations (33) and (39) form a stationary dynamical system in terms of return of
the risky asset and wealth shares of each group of traders. The dimension of the
system obviously depends on the number of groups and the way beliefs (35) and
(36) are speciﬁed for each group.
Wealth Dynamics—The model (33) and (39) can be expressed in an equivalent
form, which incorporates explicitly information on the relative size of each group
in the market, in terms of number of traders. The ‘market fraction’ of a group may
represent an important ‘bifurcation’ parameter for understanding the behaviour of
BRHA models (see for example He (2003) and Dieci et al. (2006)). Moreover,
the explicit consideration of such proportions is required in order to build models
(like the ones developed in section 3) where the popularity of each trading strategy
varies over time, depending on some ﬁtness measure. Assume that agents can be
grouped into I types according to their beliefs. The parameters which represent
the proportions of each group can be incorporated into the model by assuming
that group i consists of by li agents, and by deﬁning ¯ Wi,t := Wi,t/li as the
average wealth of traders of group i = 1,2,    ,I. We then introduce a new
variable which represent the ‘average’ wealth share, ¯ ωi,t := ¯ Wi,t/ ¯ Wt, where
¯ Wt :=
 I
i=1 ¯ Wi,t, as well as the new parameters ni := li/
 
j lj, which
represent the relative sizes of the groups. Simple algebra reveals that ¯ ωi,t turns out






As a consequence, the law of motion (33) for the wealth shares can be equivalently
expressed with respect to the ‘average’ wealth shares, as
¯ ωi,t+1 =
¯ ωi,t [R + πi,t(rt+1 − rf)]
 I
j=1 ¯ ωj,t[R + πj,t(rt+1 − rf)]
, (40)
while the return equation (39) is easily converted into
rt+1 = rf +
 I
i=1 ni¯ ωi,t [R(πi,t+1 − πi,t) + πi,tνt+1]
 I
i=1 πi,tni¯ ωi,t(1 − πi,t+1)
, (41)
where the parameters ni appear explicitly.
9To obtain this, multiply both sides of (33) by πi,t+1 and sum across agent types.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 25
ReturnBehaviour—Weremind thereader that thedynamical system (40) and(41)
is stochastic since the dividend yield νt is assumed to be so. Chiarella & He (2001)
analyse the ‘deterministic skeleton’ of this noisy model10 in the homogeneous case
and in a number of heterogeneous cases with two agent-types (fundamentalists
with different risk attitudes, fundamentalists versus contrarians, fundamentalists
versus trend followers, and trend followers with different strategies). These types
are modelled via different speciﬁcations of Ei,t(rt+1) in (35). For all agent-types,
the conditional variance Vi,t(rt+1) is an increasing and bounded concave func-
tion of the historical variance, indicating that the agents are cautious about reacting
to large historical volatility. In all of these cases multiple steady states emerge, but
in general no more than one of them can be locally asymptotically stable. More-
over, bifurcation analysis with respect to extrapolation rates shows that stability
switches across steady states following a ‘quasi-optimal’ selection principle, in the
sense that the steady state having relatively higher return tends to dominate the
market in the long-run.11 Another feature of the model is that when agents ex-
trapolate weakly, the return converges to one of the ﬁxed equilibra, whereas when
agents extrapolate strongly, the ﬁxed equilibria become unstable and can generate
periodic cycles, quasi-periodic orbits and strange attractors for the return series,
leading to rich dynamics for the returns and wealth proportions among heteroge-
neous investors. This suggests that a change of extrapolation rates from time to
time might enable the return series to switch among different asymptotic states,
thus providing a simple qualitative explanation of changes of the ‘market envi-
ronment’. Stochastic experiments are then performed to assess the effect of such
changes, by introducing independent Poisson jump processes in the extrapolation
rates, together with a stochastic normally distributed dividend yield. Simulation
results are compared to the statistics of the S&P 500, and demonstrate the capacity
of the model to generate the stylized facts observed in ﬁnancial markets, such as
volatility clustering and realistic values of skewness and kurtosis.
In Chiarella & He (2008), the basic model (33) and (39) has been extended in
the direction of allowing the population proportions ni to evolve endogenously
according to a ‘discrete choice’ model similar to the one described by equation
(21). The analysis of the resulting adaptive model focuses on the proﬁtability and
the alternating popularity of ‘momentum’ and ‘contrarian’ trading strategies.
4.2. Price and Wealth Behaviour with a Market Maker. The approach under
the market maker market clearing mechanism in this subsection is different from
the one in the previous subsection. In particular dividends are expected to grow
at non-negative rate, which imposes a growth rate on the fundamental price. All
agents are assumed to take account of this growth rate when forming expectations.
The fundamental price — Agents are assumed to share common and correct ex-
pectations about the dividend process {yt}, so that for any agent i, Ei,t(yt+k) =
10Obtained by assuming a constant dividend yield equal to the average.
11A discussion about selection between multiple steady states is contained in the closely related
work of Anufriev, Bottazzi & Pancotto (2006) , who direcly model the agents’ investment choices
as smooth functions of the beliefs about expected asset returns and variances, within a framework
which is consistent with CRRA utility.26 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
Et(yt+k), for k = 1,2,.... In addition the evolution of the dividends is assumed
to satisfy
Et(yt+k) = (1 + ϕ)kyt, k = 1,2,..., (42)
where ϕ, 0 ≤ ϕ < rf, represents a non-negative expected dividend growth rate.
A benchmark notion of fundamental price, obtained by discounting the expected










Equation (43) implies that Et(P ∗
t+1) = (1 + ϕ)P ∗
t (and therefore ϕ also rep-
resents the expected growth rate of the fundamental), as well as Et(yt+1) =
(1+ϕ)yt = (rf −ϕ)P ∗
t .12 When it comes to simulating the stochastic version
of the model, it will be assumed that dividends evolve according to
yt+1 = (1 + ϕ + σǫǫt+1)yt, (44)
so that the fundamental price follows a similar process, P ∗
t+1 = (1 + ϕ + σǫ
ǫt+1)P ∗
t , where ǫt ∼ N(0,1) are i.i.d. random shocks, and σǫ > 0 represents
the standard deviation of the dividend (and fundamental) growth rate.13’
14
Heterogeneous Beliefs: theFundamentalistsandTrendFollowers—Twogroups
of agents are considered, fundamentalists and trend followers, together with a mar-
ket maker who mediates transactions. Both the fundamentalists and the market
maker are assumed to form correct expectations about the change in the funda-
mental price, P ∗
t+1 − P ∗
t , according to
Et(P ∗
t+1 − P ∗
t ) = ϕP ∗
t .
Fundamentalists, believing that prices will revert to the fundamental, form price
expectations according to
Ef,t(Pt+1−Pt) = Et(P ∗
t+1−P ∗
t )+df(P ∗
t −Pt) = ϕP ∗
t +df(P ∗
t −Pt),
where 0 < df < 1 captures the expected speed of mean reversion. It is assumed
that Vf,t(rt+1) = Vf,t ((Pt+1 − Pt + yt+1)/Pt) = σ2
f, is constant over
time. Given their CRRA coefﬁcient γ1, the optimal investment proportion (32) for




(df + ϕ)P ∗




12For ϕ > 0, equation (43) is known in the ﬁnance literature as the ‘Gordon dividend growth
model’. Such a model seeks to forecast equity prices on the basis of assumptions about the future
dividend growth rate. Despite its simplicity, the model plays an important role in applied ﬁnance
for valuing indices, and assessing the behavior of price/earnings and dividend/price ratios (see for
example Shiller (2003) ). Extensions of the basic model have also been used in the behavioural
ﬁnance literature (for example Barsky & De Long (1993)).
13More generally, equation (42) is consistent with the assumption of dividends following a geo-
metric random walk of the type lnyt+1 = lnyt +χ+ξt+1, where χ is some constant and {ξt}
is i.i.d. noise with E(ξt) = 0, provided that one sets: 1 + ϕ := E [exp(χ + ξt+1)].
14Note that with the CRRA utility function it seems natural to have the fundamental price follow-
ing a geometric random walk, due essentially to the fact that a growing wealth process co-evolves
with the price process in this framework. This is in contrast to the CARA utility case in Section 3
when a stationary process for the fundamental is more natural.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 27
Trend followers do not rely on the knowledge of the fundamental price, but try to
extrapolate past price movements into the future, and form expectations about next
period’s relative price change (Pt+1 − Pt)/Pt according to an adaptive scheme.
More precisely, by deﬁning κe
c,t := Ec,t [(Pt+1 − Pt)/Pt] and dc ∈ (0,1) as
the chartist extrapolation parameter, the expectations of trend followers are updated
according to the rule
κe












Despite their attempt to exploit price trends for speculative purposes, it is assumed
that trend followers perceive the increasing risk associated with high absolute re-
turns. This is taken into account by assuming that trend followers have state-
dependent beliefs about the variance of the return. More precisely, at each time
step the estimated variance σ2
c,t := Vc,t(rt+1) depends positively on the mag-
nitude of the expected excess return,
   Ec,t(rt+1) −rf
   , or put differently, it is
a U-shaped function of the quantity (Ec,t(rt+1) − rf). As a consequence, the
chartist investment fraction in the risky asset turns out to be an increasing and sig-
moid shaped function of the expected excess return, for which Chiarella, Dieci &




















where the parameter γ2 is the trend followers’ CRRA coefﬁcient, vc represents a
minimum level for variance beliefs, and θ > 0 is a constant.
Market Equilibrium—The desired asset holding for agent-type i, in number of
shares, is given by zi,t = πi,tWi,t/Pt. Assuming that the risky asset is in zero





Under the assumed market maker scenario, the price adjustment by the market
maker takes into account both the expected change ϕP ∗
t of the underlying funda-
mental, and the sign and magnitude of the excess demand. A sufﬁciently general
speciﬁcation of the price setting rule can be found in Chiarella, Dieci & Gardini












15A more general case with positive supply is sketched in Chiarella, Dieci & Gardini (2006). In
such a case, the discount rate in the fundamental price equation (43) is no longer the risk free rate
rf, but it must include a risk premium which is required by traders to hold a positive amount of the
risky asset in equilibrium.28 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
where   > 0 and Wt := Wf,t + Wc,t. The resulting discrete-time dynami-
cal system consists of the price setting equation (48), together with the dynamic
equations (46) and (2) for κe
c,t and Wi,t, i ∈ {f,c}, respectively. It is possi-
ble to reduce the ‘deterministic skeleton’16 of the model to a dynamical system in
terms of expected and actual price return, κe
c,t := Ec,t [(Pt+1 − Pt)/Pt] and
κt+1 := (Pt+1 − Pt)/Pt, the fundamental to price ratio λt := P ∗
t /Pt, and
fundamentalist wealth share ωf,t := Wf,t/Wt, according to






c,t+1 = (1 − dc)κe
c,t + dcκt+1, (51)
ωf,t+1 = ωf,t
R + πf,t [κt+1 + (rf − ϕ)λt − rf]
 












Note in particular that the wealth equation (52) is equivalent to (33), because (in the
‘deterministic skeleton’) yt+1 = (rf − ϕ)P ∗
t and therefore rt+1 = (Pt+1 −
Pt)/Pt + yt+1/Pt = κt+1 + (rf − ϕ)λt. Note also that (49)-(52) turns
out to be a three-dimensional dynamical system since κt+1 (which appears at the
right-hand side of (50)-(52)) depends on λt, κe
c,t, ωf,t, the state variables at time
t.
Dynamical Behaviour — The model (49)-(52) admits two types of steady states,
and both can be locally asymptotically stable, for particular conﬁgurations of the
parameters. They are denoted as fundamental steady states and non-fundamental
steady states, respectively. The former are characterized by17 λ = 1, κ = κe
c =
ϕ, any ωf ∈ [0,1]. Thus, at a fundamental steady state the price reﬂects the
fundamental and grows at the dividend growth rate, the excess demand is zero,
whereas any long-run wealth distribution amongst agents is possible, depending
on the initial conditions. The nonfundamental steady states are characterized by
λ = 0, ωf = 0, κ = κe











Therefore, at a nonfundamental steady state the price grows faster than the fun-
damental, the market is dominated by trend followers, and there is a permanent
positive excess demand. Such attracting non-fundamental equilibria represent a
sort of “deterministic bubble” which lasts forever. Of course, such an outcome
cannot be sustained in the long-run in the real world, and is due to the highly sim-
pliﬁed setup of the model being considered here (absence of constraints from the
side of market maker’s inventories, no account of consumption and its effect on
16Obtained by assuming that dividends and fundamental price evolve deterministically according
to agents’ expectations, that is P
∗
t+1 = (1 + ϕ)P
∗
t .





























γ2= 10 γ2= 6.5
FIGURE 7. CRRA trend followers with a market maker. Stabil-
ity/instability of fundamental steady state for decreasing values of
the risk aversion parameter γ2, and for rf = 0.02, ϕ = 0.01,
  = 0.05, vc = 0.002, θ = 100, dc = 0.25.
wealth dynamics) as well as to its deterministic nature (once noise is added to the
system, the behavior of price and wealth becomes more realistic and often phases
of booms alternate with phases of crashes in an unpredictable way). Nevertheless,
the existence and stability of such non-fundamental equilibria provides the impor-
tant information that bubbles may arise for particular initial conditions and under
particular sets of parameters.
In order to provide some examples about the rich behavior of the system, depend-
ing on the key parameter and the initial conditions, we give some plots illustrating
the effect of the risk-aversion parameter (Fig. 7) and the role of initial price and
wealth shares in various situations (Figs. 8 and 9). Fig. 7 is related to a particu-
lar case where the market is dominated by trend followers (ωf,0 = 0, and thus
ωf,t = 0 for any t) and shows the projections in the plane of the variables κ, λ,
of different orbits obtained with the same initial condition (close to fundamental)
under decreasing values of the chartist risk-aversion coefﬁcient γ2. The funda-
mental steady state (F) changes from a stable (a) to an unstable focus (b) through
a (supercritical) Neimark-Sacker bifurcation, which creates a stable closed orbit.
The amplitude of the oscillations becomes wider for lower risk aversion (c) until
the attractor “collapses” onto a stable non-fundamental steady state (NF), with a
permanent deviation of the price away from the fundamental (d). Similar phase-
space transitions can be obtained by increasing the extrapolation parameter dc or
the speed of price adjustment  . Though we have set ωf,0 = 0 here, the same
attractors of Fig. 7 can be reached also from initial conditions with positive wealth
share of the fundamentalists, thus suggesting that fundamentalists do not accumu-
late in general more wealth than chartists and that chartists may even dominate in30 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE













Initial conditions from which convergence to non fundamental steady state
dc = 0.75
FIGURE 8. CRRA heterogeneous agents with a market maker.
Basins of attraction of fundamental and non-fundamental steady
states for different reaction speeds of chartists, dc. Parameters
are set as follows: rf = 0.02, ϕ = 0.01,   = 0.05,
σ2
f = vc = 0.002, θ = 100, df = 0.3, γ1 = 20, γ2 = 6.5
the long-run. A related important question concerns the effect of the initial con-
ditions on the asymptotic behaviour of the model. For instance, it can be shown
numerically that a stable non-fundamental steady state may co-exist with a contin-
uum of attracting fundamental steady states, with the phase space shared between
different basins of attractions. Fig. 8 reports an example of such basins of attrac-
tion, in the (ωf, λ) plane. The basin structure depends on the particular parameter
set used in the simulation. For instance, higher values of the chartist parameter dc
lead to an increase of the size of the basin of the non-fundamental steady state.
0.8
1.2





λ , f t ω
,0 40% f ω =
,0 38% f ω =
κ
FIGURE 9. CRRA heterogeneous agents with a market maker for
rf = 0.02, ϕ = 0.01,   = 0.1, σ2
f = vc = 0.004, θ = 50,
df = dc = 0.8, γ1 = 10, γ2 = 2.5. (a) coexisting attractors,
and (b) sensitivity with respect to initial wealth shares.
Fig. 9 (a) reports another situation of coexisting attractors, a fundamental steady
state and a periodic orbit. Different from the examples in Fig. 7 and Fig. 8, inHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 31
this case each scenario allows both types of agents to survive in the long-run, with
different behavior of the wealth shares. As shown in Fig. 9 (b), for an initial wealth
share ωf,0 = 38%, the dynamics converge to a periodic orbit and ωf eventually
ﬂuctuates approximately in the range [38%,47%], while for a slightly increased
initial wealth share, ωf,0 = 40%, the system converges to a stationary state where
the fundamentalist wealth proportion is much higher. This example also illustrates
the extreme sensitivity of the dynamic evolution of the model to the initial values.
The interaction of the nonlinear deterministic dynamics, often characterized by co-
existing attractors, with simple external noise processes is able to generate phases
of booms, where the price grows faster than the fundamental and the fundamen-
talist wealth share rapidly declines, followed by crashes, where the price is at-
tracted again towards the fundamental, and the fundamentalist wealth share returns
to higher levels. This can be seen from the noisy version of the model, where it is
assumed that the dividend and the fundamental price grow at the rate ϕ+σǫǫt, ac-
cording to equation (44). Furthermore, a stochastic term Ptσξξt, where σξ > 0
and ξt ∼ N(0,1) are i.i.d. random disturbances representing the inﬂuence of
noise traders, is added to the price setting equation. Also such a noisy model can
be reduced to a dynamical system formulated in price returns and wealth shares
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FIGURE 10. CRRA heterogeneous agents with a market maker.
Price, fundamental price and wealth shares in a simulation of the
noisy model (σǫ = 0.015, σξ = 0.03). Other parameters as in
Fig. 8a. In (a) and (b) initial fundamentalist wealth share is low
(ωf,0 = 30%), in (c) and (d) it is higher (ωf,0 = 60%).
Fig. 10 presents sample paths of the prices (market price Pt and fundamental price
P ∗
t ) and of the fundamentalist wealth share (ωf,t) as a function of time, under
different initial conditions. The parameters are the same as in Fig. 8a (coexistence
of stable fundamental and non-fundamental steady states). Booms and crashes of
the price, accompanied by jumps in the wealth shares, are observed when the sys-
tem starts with a sufﬁciently small fundamentalist wealth share ωf,0, as is the case32 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
of panels (a) and (b). On the other hand, more regular price and wealth paths are
obtained starting with ahigher fundamentalist wealth proportion, as inthe case rep-
resented in panels (c) and (d). These phenomena may be related with the structure
of the basins of attraction of the underlying deterministic model. These simula-
tions give just a glimpse of the effect of the interaction of noise with the nonlinear
dynamic elements of BRHA models, this issue will be further explored in the next
two sections.
Summary—The analysis of this section has shown that under both market clearing
mechanisms, the BRHA framework with agents having CRRA utility exhibits a
rich type of dynamics (compared to CARA utility). This framework more readily
yields the growing price process that we observe in real markets, it also has a
rich bifurcation structure with multiple basins of attraction and switching between
fundamental and non fundamental equilibria. Furthermore, the CRRA framework
seems appropriate to discuss the long-run survival of competing trading strategies.
However, because the price dynamics and wealth dynamics are intertwined it is
much more difﬁcult to obtain analytical results, so in this case we need to rely
much more on computer simulations.
5. EMPIRICAL BEHAVIOUR
In this section we review some of the work that has been done on the calibration of
the BRHA class of models. In the formulation of the models in Sections 3 and 4 we
have indicated that noise could also be incorporated into the modelling framework,
for instance a noisy fundamental, noisy dividends, general market noise due to
news arrival and/or noise trading activity. It seems reasonable to expect that the real
ﬁnancial market is the outcome of both nonlinear and stochastic elements. Indeed
simulations reported in Chiarella, Dieci & Gardini (2002), Chiarella & He (2002)
, He & Li (2007a) amongst other authors indicate that the said interaction can
indeed lead to price and return distributions that have many of the characteristics
of real ﬁnancial time series. Furthermore we know from more recent research (to
be discussed in Section 7) that the stochastic version of the BRHA class of models
can undergo stochastic bifurcations. In this section we discuss a calibration of a
simple market fraction model to market data and how it is able to reproduce fairly
well many of the main stylised facts of real ﬁnancial time series such as the S&P
500. We refer the reader to He & Li (2007a, 2007b) for more details on the issues
addressed in this section.
5.1. Stylised Facts in the S&P 500. As a benchmark, we ﬁrst brieﬂy review the
stylised facts of ﬁnancial markets based on the S&P 500. Based on daily S&P 500
data from 5/12/1980 to 23/2/2007, Fig. 11 displays plots including prices, the re-
turns and the corresponding density distributions, plus autocorrelation coefﬁcients
(ACs) of the returns, absolute and squared returns. They share some common
stylized facts with high-frequency ﬁnancial time series, including excess volatility
(relative to the dividends and underlying cash ﬂows), volatility clustering (high/low
ﬂuctuations are followed by high/low ﬂuctuations), skewness (either negative orHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 33
positive) and excess kurtosis (compared to normally distributed returns). The re-
turns show (almost) no signiﬁcant autocorrelations, but the absolute returns and
squared returns show slowly decaying autocorrelations. For a comprehensive dis-
cussion of stylized facts characterizing ﬁnancial time series, we refer the reader to
Pagan (1996).
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FIGURE 11. The daily S&P500 date, 5/12/1980-23/2/2007 —
Daily price and returns, return rt distribution (compared to
the corresponding normal distribution), the ACs for the returns
AC(rt), the absolute AC(|rt|) and squared AC(r2
t) returns
Among the stylized facts, volatility clustering and power law behaviour (that is,
insigniﬁcant ACs of raw returns and hyperbolic decline of ACs of the absolute and
squared returns) have been extensively studied since the seminal paper of Ding,
Granger & Engle (1993). Recently, a number of universal power laws18 have been
found to hold in ﬁnancial markets. This ﬁnding has spurred attempts at a theoreti-
cal explanation and the search for an understanding of the underlying mechanisms
responsible for such power laws.19 Among which, the herding models (see for
instance Kirman (1993), Lux & Marchesi (1999) and Alfarano, Lux & Wagner
(2005)) and switching models (such as Brock & Hommes (1998) and Gaunersdor-
fer & Hommes (2000)) have shown their potential to explain power-law behaviour.
Recently, He & Li (2007b) consider the market fraction model established in He &
Li (2007a) and explore the potential of the model to generate the power-law feature
observed in empirical data. The next subsection reports the empirical characteris-
tics of the market fraction model obtained in He & Li (2007b).
18These include cubic power distribution of large returns, hyperbolic decline of the return au-
tocorrelation function, temporal scaling of trading volume and multi-scaling of higher moments of
returns.
19We refer the reader to Lux (2004) for a recent survey on empirical evidence, models and mech-
anisms of various ﬁnancial power laws.34 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
5.2. A Market Fraction Model and Its Stylized Behaviour. To explain various
aspects of ﬁnancial market behaviour and establish the connection between the sto-
chastic model and its underlying deterministic system, He & Li (2007a) consider
a simple stochastic asset pricing model, involving two types of agents (fundamen-
talists and trend followers) under a market maker market clearing scenario. The
model is a simpliﬁed version of the models considered in Section 3. It is called
a market fraction model since the market fraction difference m = n1 − n2 ∈
[−1,1] is assumed to be a constant parameter, rather than switching dynamically.
The market price is determined by Pt+1 = Pt + ( /2)[(1 + m)z1,t + (1 −
m)z2,t]+ ˜ δt, where the demand zi,t is deﬁned by equation (9) and the i.i.d. noise
term ˜ δt ∼ N(0,σ2
δ) captures unexpected market news or the excess demand of
noise traders.
The fundamentalists trade on the price deviation from the estimated fundamental
value P ∗
t whose relative return follows a normal distribution P ∗
t+1/P ∗
t − 1 ∼
N( ¯ P,σ2
ǫ), where ¯ P = ¯ y/r is the expected long-run fundamental value and
¯ y is the mean of the dividend process yt. Their beliefs are assumed to follow
E1,t(Pt+1) = Pt + df[E1,t(P ∗
t+1) − Pt] and V1,t(Pt+1) = σ2
1, where
df ∈ [0,1] is the fundamentalists’ speed of price adjustment toward the fun-
damental value and σ2
1 is a constant. Without information on the fundamen-
tal value, the trend followers extrapolate the latest observed price change over
a long-run sample mean of the price and adjust their variance estimate accord-
ing to E2,t(Pt+1) = Pt + dc(Pt − ut) and V2,t(Pt+1) = σ2
1 + b2vt.
Here ut and vt are sample mean and variance, respectively, which follow the
limiting geometric decay process is ut = δut−1 + (1 − δ)Pt and vt =
δvt−1+δ(1−δ)(Pt−ut−1)2 where δ ∈ [0,1] is the decay rate, dc > 0 mea-
sures the extrapolation rate from the trend followers, and b2 > 0 measures the in-





1, the market fraction model is given by a four-dimensional sto-
chastic system in (Pt,ut,vt,P ∗
t ) involving two noise processes, one for the fun-
damental value and one for the market noise. He & Li (2007a) show that con-
vergence of the market price to the fundamental value, the long- and short-run
proﬁtability of the two trading strategies, the survival of trend followers and vari-
ous under- and over-reaction autocorrelation patterns of the stochastic model can
be explained by the dynamics, including its stability and bifurcations, of the un-
derlying deterministic system. The model is also able to generate the stylised facts
displayed by the return distribution. In the following discussion, we focus on an
analysis of the volatility clustering and power-law mechanism of the model.
TABLE 1. Parameter settings and initial values
df dc α1 α2   m δ b σǫ σδ P0 P ∗
0
0.1 0.3 0.8 0.8 2 0 0.85 1 0.01265 1 100 100
TABLE 2. Four Cases of the noise effect
Cases Case-00 Case-01 Case-10 Case-11
(σδ, σǫ) (0, 0) (0, 0.01265) (1, 0) (1, 0.01265)HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 35

























FIGURE 12. Time series of prices for the four cases in Table 2.
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FIGURE 13. Return series and their density distributions for
























































FIGURE 14. ACs of returns (the left column), the absolute returns
(the middle column), and the squared returns (the right column)
for Case-01, 10 and 11.
To understand the mechanism, we ﬁrst illustrate the different impact of the two
noise processes on the underlying deterministic price dynamics. Using the pa-
rameter set
20 in Table 1, we consider the four cases listed in Table 2. Case-00
corresponds to the deterministic case. Case-01 (Case-10) corresponds to the case
20In choosing the parameter values we have been mindful of the fact that most of the stylised
facts are observed for high frequency data (for example daily) rather than for low frequency (such as36 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
with noisy fundamental price (noisy excess demand) only and both noise processes
appear in Case-11. Fig. 12 illustrates the price series for the four cases for a typi-
cal simulation. The corresponding return series and their density distributions are
given in Fig. 13 for the three cases involving noise. Fig. 14 shows the ACs of
returns, absolute returns and squared returns. For comparison purposes, the same
set of noisy demand and fundamental processes is used in Case-11. Both Figs. 13
and 14 show signiﬁcantly different impacts of the different noise processes on the
volatility. In Case-01, the stochastic fundamental price process is the only external
noise source. The market price displays a strong under-reaction AC pattern of re-
turns, which is characterized by the signiﬁcantly positive decaying ACs shown in
the top left panel in Fig. 14. This signiﬁcant AC pattern is also carried on to the AC
patterns for the absolute and squared returns. In Case-10, the noisy excess demand
is the only external noise source. The market price displays no volatility cluster-
ing, which is characterized by insigniﬁcant AC patterns for returns, the absolute
and squared returns shown in the middle row in Fig. 14. In Case-11, both the noisy
excess demand and noisy fundamental price processes are present. In this case we
observe relatively high kurtosis in Fig. 13 and insigniﬁcant ACs for returns, but
signiﬁcant ACs for the absolute and squared returns shown in the bottom panel in
Fig. 14. These results demonstrate that this simple marker fraction model is able to
generate realistic price behaviour and appropriate power law behaviour for returns
when both noise processes are present. The analysis indicates that the noisy de-
mand plays a more important role on the insigniﬁcant AC patterns for the returns,
while the noisy fundamental process plays a more important role on the signiﬁcant
AC patterns for the absolute and squared returns. We refer the reader to He & Li
(2007b) for an analysis of volatility clustering and power law behaviour. The dis-
cussion in the next section is devoted to an econometric analysis of the power law
behaviour.
5.3. Econometric Characterisation ofthePowerLawBehaviour. Ding, Granger
& Engle (1993) investigate autocorrelations of returns (and their transformations)
of the daily S&P 500 index over the period 1928 to 1991 and ﬁnd that the absolute
returns and the squared returns tend to have very slow decaying autocorrelations
and that the sample autocorrelations for the absolute returns are greater than those
for the squared returns at every lag up to at least 100 lags. This AC feature in-
dicates the long-range dependence or the power-law behaviour in volatility. By
running 1,000 independent simulations, we estimate the average autocorrelation
coefﬁcients for the market fraction model with the parameter set of Table 2 and
plot the ACs and their corresponding conﬁdence intervals in Fig. 15. We see that
the patterns of decay of the autocorrelation functions of return, the squared return
and the absolute return are quite similar to what we observed for those of the S&P
500. Besides the visual inspection of autocorrelations of rt, r2
t and |rt|, one can
also construct models to estimate the decay rate d of the autocorrelations of rt,
r2
t and |rt|. Based on the estimates given in He & Li (2007b) , there is clear ev-
idence of a power-law for the squared returns and the absolute returns, which are
comparable to those of the actual data.
yearly) data. So we have chosen parameter values that are characteristic of daily returns, for instance
the market return volatility is 20% in annualised terms and the riskfree rate is 5%p.a.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 37










FIGURE 15. Autocorrelations of rt (bottom), r2
t (middle) and
|rt| (top) for the market function model.
Another striking feature of ﬁnancial return series is volatility clustering. A number
of econometric models of changing conditional variance have been developed to
test and measure volatility clustering. Engle (1982) suggested a test where the null
hypothesis is that the residuals of a regression model are i.i.d. and the alternative
hypothesis is that the errors are ARCH(q). For the market fraction model, the null
hypothesis is strongly rejected. For the market fraction model, Table 3 reports the
estimates of the GARCH (1,1) model (see Bollerslev (1986) ). The results from
the GARCH model are astonishingly similar to what one usually extracts from real
market data: a small inﬂuence of the most recent innovation (α1 < 0.1) is ac-
companied by strong persistence of the variance coefﬁcient (β1 > 0.9). It is also
interesting to observe the sum of the coefﬁcients α1 + β1 = 0.9928 is close to
one, which indicates that the process is close to an integrated GARCH (IGARCH)
process. The GARCH implies that shocks to the conditional variance decay expo-
nentially. Howeverthe IGARCHimplies that the shocks to the conditional variance
persist indeﬁnitely. In response to the ﬁnding that most ﬁnancial time series are
power-law volatility processes, Baillie, Bollerslev & Mikkelsen (1996) consider
the Fractional Integrated GARCH (FIGARCH) process, where a shock to the con-
ditional variance dies out at a slow hyperbolic rate. Table 4 reports the estimates
of the FIGARCH models for the market fraction model. For the estimates of the
FIGARCH(1,d,1), we see that the estimate of d is signiﬁcantly different from
zero and one. This is consistent with the well known ﬁndings that the shocks to the
conditional variance die out at a slow hyperbolic rate.
TABLE 3. The GARCH (1,1) Parameter Estimates for the mar-
ket fraction model
a × 103 b α0 × 104 α1 β
0.0740 0.0725 0.0078 0.0260 0.9738
(0.2300) (0.0139) (0.0035) (0.0032) (0.0033)
47 77.1 17.7 100 100
Note: The numbers in parentheses are the standard errors, and the numbers in the last
row are the percentages that the test statistics are signiﬁcant at the 5% level over 1000
independent simulations. This also holds for Table 4.
Overall, we ﬁnd that the market fraction model does provide a mechanism that can
generate the long-range dependence in volatility observed in actual market data.38 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
TABLE 4. The FIGARCH (1,d,1) Parameter Estimates for the
market fraction model
a b α0 × 104 d φ1 β
0.0137 0.0769 0.3620 0.3797 0.3439 0.7933
(0.0010) (0.0195) (0.6112) (0.0386) (0.0281) (0.0295)
41.2 72.6 35.6 87.6 83.1 98.5
The foregoing analysis shows that agent heterogeneity, risk-adjusted trend chas-
ing through the geometric learning process, and the interplay of noisy fundamental
and demand processes and the underlying nonlinear deterministic dynamics can
be the source of power-law distributed ﬂuctuations. The noisy demand plays an
important role in the generation of insigniﬁcant ACs on returns, while the signiﬁ-
cantly decaying AC patterns of the absolute returns and squared returns seem to be
more inﬂuenced by the noisy fundamental process. The estimates given are clear
evidence that the power-law and (FI)GARCH features can arise even in this sim-
ple version of a BRHA model. The results also indicate the need to pursue more
deeply the interaction of stochastic and non-linear elements in BRHA models.
6. HETEROGENEITY IN A DYNAMIC MULTI-ASSET FRAMEWORK
The one risky/one risk-free asset model considered in previous sections is merely
a ﬁrst step to understanding price dynamics under heterogeneous agent interaction.
Within a multiple risky asset framework, the way agents form and update their be-
liefs about the covariance structure also becomes an important factor in determin-
ing the dynamics of prices. A number of recent papers deal with the multiple risky
asset decision problem in a mean-variance setup, within the BRHA paradigm.
21
We cite in particular B¨ ohm & Chiarella (2005), B¨ ohm & Wenzelburger (2005),
and Wenzelburger (2004). Such models establish an overall framework, and focus
on various aspects. In particular, the setup of B¨ ohm & Chiarella (2005) is that of
a multi-asset dynamic CAPM with heterogeneous agents, though the dynamic im-
pact of this heterogeneity has not been analyzed in detail. In Wenzelburger (2004)
, this setup has been extended to a model in which myopic agents are allowed to
switch between different trading strategies similar to Brock & Hommes (1998).
See also Raffaelli & Marsili (2006). B¨ ohm & Wenzelburger (2005) apply the gen-
eral setup to investigate the properties of efﬁcient portfolios under heterogeneous
beliefs.
With respect to the existing literature, we here make explicit and more general
the updating rules of agents’ beliefs, especially with regard to second moment be-
liefs. The main point at issue concerns the dynamic effect of the assumed updating
mechanism; namely, the question whether the endogenously varying beliefs about
correlations - together with the dynamic portfolio allocation among multiple risky
assets - may ‘stabilize’ the asset markets, or rather tend to reinforce and to spread
21Further recent studies consider heterogeneous speculators switching among different risky in-
vestment opportunities, and focus on the resulting comovements of asset prices (see Westerhoff
(2004) and Westerhoff & Dieci (2006) ). Such studies do not assume a mean-variance setup ex-
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the price ﬂuctuations which arise due to the interaction of heterogeneous agents.
Put differently, we aim at understanding to what extent such mechanisms may gen-
erate interdependence between the price dynamics of different risky assets. A fur-
ther difference with the existing literature is that a market maker scenario is used
in our setup, instead of a Walrasian auctioneer scenario. The model presented in
the current section follows closely Chiarella, Dieci & He (2007b).
6.1. Optimization of Many Risky Asset Portfolio with Heterogeneous Beliefs.
Portfolio Optimization of Many RiskyAssets—The asset market is characterized
by m risky assets, indexed by j = 1,2,...,m, and a risk-free asset, and by I
different trader-types, indexed by i = 1,2,    ,I. For the risky asset j, the
price at time t and the dividend paid in the trading period (t − 1,t) are denoted
by Pj,t and yj,t, respectively. Using m−dimensional column vector notation,
prices and dividends correspond to Pt and yt, respectively, while the vector Rt :=
(Pt + yt − RPt−1) collects the excess returns (per share) in the time interval
(t − 1,t). The vector zi
t = (zi
1,t,zi
2,t,    ,zi
m,t)⊤, where ⊤ stands for the
transpose, denotes the portfolio held by agent-type iin the trading period (t,t+1),
so that agent’s wealth (W i
t ) evolves according to
W i
t+1 = RW i
t + (zi
t)⊤Rt+1 = RW i
t + (zi
t)⊤(Pt+1 + yt+1 − RPt).
We use Covi
t to denote agent i’s conditional covariance operator. Following the
same steps as in the single-risky-asset case, and under the usual assumption of
conditional multivariate normality of returns (in agents’ beliefs), the maximisation
of the CARA expected utility of wealth at t + 1 results, at time t, in the optimal
portfolio choice
zi
t = (V i
t )−1mi
t/αi, (53)
whereαi isthe absolute risk-aversion coefﬁcient ofagent typei, mi
t := Ei
t(Rt+1)







j,k = 1,2,...m, denotes the conditional variance/covariance matrix (assumed
to be positive deﬁnite) of the excess returns per share, according to the beliefs of
agent-type i.
The Fundamentalists and Chartists—We again consider two types of agents,
fundamentalists (i = f), who believe in mean reversion to the fundamental, and
trend followers or chartists (i = c), who rely on extrapolation of observed price
trends. Both agent-types are assumed to share common and correct expectations
about dividends, with Ei
t[yt+1] = y, i ∈ {f,c}, though forming different be-
liefs about the conditional distribution of asset returns (that is, about Rt+1) The
assumed behavior of the two agent-types is basically similar to the previously dis-
cussed one-risky-asset cases. In particular, beliefs are speciﬁed similarly to the
model discussed in Section 3.2, which incorporates explicitly an adaptive mecha-
nism used bythechartists toupdate the variance ofprices, based onextrapolation of
observed deviations from a sample mean. Such a mechanism is adopted also in the
present multi-asset model. The obvious difference with the one-risky-asset setup
is that chartist extrapolation now concerns also the comovements of prices: the fo-
cus is therefore on the additional effects of this updating rule, by which observed40 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
co-movements contribute to determine current and future portfolio allocations and
thus affect the joint dynamics of prices.
In order to keep matters as simple as possible - and to focus only on the above
described effect - we assume that agents do not care about dividends explicitly,
when forming second moment beliefs about excess returns Rt+1. It is simply
assumed that the standard deviation of the ‘cum-dividend’ prices Pj,t+1 +yj,t+1
is estimated in proportion to the standard deviation of the price. Namely, for i ∈








where qj > 0 are constants. For simplicity, we take qj = 1 (j = 1,2,...,m) in
the following discussion.




t [Pt+1] = Pt + (1 − df)(P ∗ − Pt), (0 ≤ df ≤ 1), (54)
where (1−df) represents the expected speed of adjustment of the prices towards






t [Rt+1] = (df − R)Pt + (1 − df)P ∗ + y.
The fundamentalists have the same constant beliefs about the variance/covariance





t (Pj,t+1,Pk,t+1)] (j,k =
1,2...,m) represents the variance/covariance matrix of the prices.
Chartists expect prices to evolve according to
Ec
t[Pt+1] = Pt + dc(Pt − ut),
where dc ≥ 0 is the price extrapolation parameter of the chartists and ut = [uj,t]




t[Rt+1] = (1 + dc − R)Pt − dcut + y.
With regard to second moment beliefs, the covariance matrix of excess returns,
V c
t , is speciﬁed as
V c
t = V
c + Vt, (55)
which consists of a constant component V
c and a time varying component Vt.
The latter is assumed to be updated in each period as a function of deviations of
past prices from the sample means ut. More precisely, the symmetric matrix Vt
22For example, agents would set qj = 1 + δ
a
j /K, (j = 1, 2, ...,m) where δ
a
j is an estimate
of the average (per annual) dividend yield of asset j, and K is the trading frequency per year; an
alternative choice could be qj = R. Since the parameters used in the numerical simulations at the
end of this section have been chosen to represent daily data (for which rf is of the order of 10
−4),
in the following discussion we neglect the dividend component and therefore assume qj = 1, for
simplicity.
23The fundamental price will be deﬁned explicitly later, see equation (59). We may consider P
∗
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has the structure Vt := [νjksjk,t] (j,k = 1,2,...,m) where νjk ≥ 0 is a
sensitivity coefﬁcient, while sjk,t represents a sample variance/covariance, based
on observed data up to time t. We also denote by Σt := [sjk,t] the matrix of such
time-varying sample variances/covariances.
Finally, following He (2003) and Chiarella, Dieci & Gardini (2005), we specify the
learning processes about sample means ut, and sample variances/covariances Σt
as
ut = δut−1 + (1 − δ)Pt, (56)
Σt = δΣt−1 + δ(1 − δ)(Pt − ut−1)(Pt − ut−1)⊤, (57)
where δ, 0 < δ < 1, represents a “memory” parameter.
Market Clearing under a Market Maker—In order to close the model, the price
setting rule needs to be made explicit. Assuming a market maker scenario, the
price vector adjusts according to




where   > 0 is the market maker’s price adjustment parameter, nf and nc(=
1 − nf) represent the fractions of fundamentalists and chartists, respectively, zs




t − zs) represents the average excess demand of each asset
per agent. The asset price dynamics under heterogeneous beliefs are thus expressed
by a nonlinear discrete-time dynamical system, in the state variables Pt, ut, Σt.
To simplify further the model, we assume that agents are homogeneous in their
risk aversion coefﬁcients (αf = αc := α). We also assume that the constant
component of the variance/covariance matrix of prices is the same for both agent-
types, and we denote it by V
c = V
f = V := [ρjkσjσk] (j,k = 1,2,...,m),
where σj and ρjk denote standard deviation of price j and correlation between




Pt+1 = Pt +  [nfz
f
t + (1 − nf)zc
t − zs],
ut+1 = δut + (1 − δ)Pt+1,













(V + Vt)−1[(1 + dc − R)Pt − dcut + y],
and where the symmetric matrix Vt is a function of Σt. For the sake of simplicity,
the fundamental prices are set in such a way that P ∗ turns out to be the steady state





y − αV zs
 
, (59)
24This corresponds to the price that would be obtained under homogeneous beliefs about the ﬁrst
and second moments of the cum-dividend price processes. This result can be regarded as a special
case of Theorem 3.2 in B¨ ohm & Chiarella (2005) .42 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
where the quantity y − αV zs can be interpreted as a vector of ‘risk-adjusted’
dividends25.
An immediate remark about the model (58) is that the dynamics of the m as-
set prices will decouple from each other if V and Vt are diagonal matrices, that
is when prices are not correlated in the ‘ﬁxed’ component of agents’ beliefs and
chartist sensitivity to sample covariances is zero.
6.2. An Example of Two Risky Assets and Two Beliefs. To gain some insight
into the dynamic behavior of the model, and inparticular into the role of anticipated
correlations, in the following we consider the case of two risky assets, m = 2. For
simplicity, it is assumed ν11 = ν22 := ν. We also adopt the simpliﬁed notation
ν12 := λ, s12,t := st, sjj,t := vj,t (j = 1,2), ρ12 := ρ, so that the matrices



















In this case (58) reduces to a seven-dimensional dynamical system where the cor-












Despite the high dimension of the system, analytical results about the local asymp-
totic stability of the fundamental steady state are possible in the particular case
where the “exogenous” part ρ of the correlation of the excess returns, which is
a commonly held belief among the agents, is zero. Then the local stability and
bifurcation of the dynamic portfolio model with two risky assets is actually deter-
mined by two independent dynamic models, each with a single risky asset (and the
risk-free asset).26 In this case it can be shown in general that when the speed of
price reaction is not too high, the steady state is locally stable for any fundamen-
talist fraction nf provided that the chartist extrapolation rate dc is sufﬁciently low,
while for sufﬁciently high dc the steady state becomes unstable through a super-
critical Neimark-Sacker bifurcation, followed by the emergence of a stable closed
invariant curve in the phase-space, resulting in endogenous ﬂuctuations of the asset
prices.
The correlation structure among different risky asset plays an important role in the
dynamics of the multi-period setup. Here we present some numerical examples
highlighting the impact of agents’ beliefs about the covariance structure on the dy-
namic behavior of the model (58). Such beliefs play a role in two different ways.
First, the coefﬁcient ρ here represents an exogenously set (and common) compo-
nent of the heterogeneous beliefs about the correlation of the two asset prices. We
25A similar interpretation issuggested by Brock & Hommes (1998) in the case of one risky asset.
26We stress that this property, relative to the case ρ = 0, concerns only the behavior of the
linerized system around the steady state. Ingeneral, the dynamics of the twoprices willnot decouple,
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may interpret this component as a constant part of the beliefs, related to the div-
idend processes, which characterizes a steady state situation. Second, the extrap-
olation of observed price co-movements generates endogenously another kind of
‘perceived’ correlation, the impact of which is governed by the parameter λ (sen-
sitivity to sample covariance). This may be interpreted as an out-of-equilibrium
component, which may result in a positive or negative correction with respect to
the exogenous part ρ. A natural question concerns the qualitative impact (stabi-
lizing, or destabilizing) of each of the two components, in particular whether the
endogenously perceived correlation and its updating mechanism tends to dampen,
or to amplify, the price movements that arise from the interaction of heterogeneous
traders. Obviously, when λ = 0 and in addition ρ = 0 the demand functions















which are precisely the demand functions that we would obtain in the case of a
single risky asset (asset j), that is for n = 1. In other words, in the case ρ = λ =
0, the prices of the two risky assets evolve independently from each other, whereas
for ρ = 0, λ = ν, agents care about the observed co-movements of prices exactly
as they do with their sample volatility. In general, λ > 0 results in interdependent
demand functions of the two assets and in prices co-evolving over time, even in
the absence of exogenous correlation (i.e. when ρ = 0). This can be seen from
the following numerical simulations, where parameter are chosen in a way that
the two assets have equal fundamental prices, which makes possible the use of the
same (P,u) plane to represent both asset 1 and asset 2 (via projections onto the
planes P1,u1 and P2,u2, respectively), using different shading. The common
set of parameters used in the numerical simulations is the following: ν = 0.5,
δ =   = 0.5, nf = 0.25, α = 0.05, R = 1.0002, σ2




2 = 1, y1 = 0.071, y2 = 0.106.
In Fig. 16 we set df = 0.75, dc = 0.45. The panels from (a) to (e), where
ρ = 0, represent a case in which a higher sensitivity to sample covariances is able
to stabilize the dynamics, to some extent. This effect is quite often detected when
the starting situation with ‘decoupled’ markets (ρ = 0, λ = 0) is one where the
two prices evolve with regular ﬂuctuations of similar amplitude. In particular, the
perceived correlation is able to stabilize wide ﬂuctuations of asset 2 into conver-
gence to the fundamental price (compare (a,b) with (c,d)). This is also revealed
by the bifurcation diagram (e) of price 2 versus the parameter λ. The higher the
sensitivity to observed comovements, the smaller the range of ﬂuctuations of asset
2. Note that the exogenous component ρ causes in general the opposite effect:
larger values of ρ produce wider ﬂuctuations for asset price 2 (by leaving price 1
almost unchanged in this case). This can be seen from the phase plots in Fig. 16
(c,f,g), where ρ is increased from 0 to 0.15, and then to 0.3. We have detected
such a destabilizing effect of ρ under several different parameter constellations.
In general, the larger is ρ, the more similar is the nature and the amplitude of the
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FIGURE 16. A two asset market. Sensitivity to observed co-
movements can stabilize asset price 2 (from (a,b) to (c,d)), or in
general can reduce the amplitude of ﬂuctuations (e). (c,f,g) as
an effect of exogenous correlation, the two assets evolve with in-
creasingly similar patterns. Fundamentalist and chartist parame-
ters: df = 0.75, dc = 0.45
ﬂuctuations to the more tranquil market. In contrast, the qualitative impact of λ is
characterized by a strong dependence on the parameters of the model. While we
have reported in Fig. 16 a situation which is stabilized by the ‘perceived’ correla-
tions, in other cases the effect is that of producing a transition towards less regular
ﬂuctuations and phase plots of increasing complexity. Fig. 17 (where df = 0.1,
dc = 1.2) shows one such case, which is obtained under a stronger trend ex-
trapolation and fundamentalist reaction than in Fig. 16. This suggests that in the
presence of price ﬂuctuations determined by fundamentalist-chartist interaction,
the sensitivity to observed comovements is not always able to stabilize the ﬁnan-
cial market, but it might even act as a further source of complex behavior.
Summary—Our analysis suggests that combining the BRHA approach with the
mean-variance portfolio model with multiple risky assets may provide a suitable
framework to address a number of issues concerning comovements in stock prices
and in particular the way price ﬂuctuations can propagate themselves across differ-
ent markets as a results of agents’ beliefs. It turns out that second moment beliefs,
which are updated dynamically as a function of observed volatility and comove-
ments, affect the agents’ portfolio allocation process and may determine different
patterns for the joint dynamics of prices. Such mechanisms may play a stabiliz-
ing role on the asset prices, by reducing the amplitude of ﬂuctuations, but in someHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 45
(a) (b)
(c) (d)
parameters:    0.1    1.2 f c d d = =
0,   0 λ ρ = =
0.5,   0 λ ν ρ = = =
FIGURE 17. A two asset market. Destabilizing effect of the sen-
sitivity to historical covariances: from cyclical behavior on a peri-
odic orbit (a,b) to intricate ﬂuctuations on a chaotic attractor (c,d).
Fundamentalist and chartist parameters: df = 0.1, dc = 1.2
cases they may contribute to reinforce and amplify price movements. The outcome
depends crucially on some behavioral parameters, among which the fundamentalist
reaction and the strength of chartist extrapolation.
7. THE CONTINUOUS STOCHASTIC DYNAMICS OF SPECULATIVE BEHAVIOUR
As we saw in Section 5 an important issue for the BRHA class of models is the
interaction of noise with the underlying nonlinear deterministic market dynamics.
The approach of Section 5 is referred to as the indirect approach, it ﬁrst consid-
ers the corresponding deterministic “skeleton” of the stochastic models where the
noise termsare settozero anduses stability andbifurcation theory toinvestigate the
dynamics of this nonlinear deterministic system; and then uses simulation methods
to examine the interplay of various types of noise and the deterministic dynamics.
Hommes (2006) gives many references to this indirect approach. Ideally we would
like to deal directly with the dynamics of the stochastic system. For example, in
BRHA models with stochastic noise, we would like to know how the statistical
properties of the model, which can be characterized by the stationary distribution
of the market price process, change as agents’ behaviour changes and how the
market price distribution is inﬂuenced by the underlying deterministic dynamics.
In particular, we can ask if there is a connection between different types of attrac-
tors and bifurcations of the underlying deterministic skeleton and different types
of invariant measures of the stochastic system.
Stochastic Models with Heterogeneous Beliefs — A number of stochastic as-
set pricing models have been constructed in the heterogeneous agent literature.46 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
Brock, Hommes & Wagener (2005) study the evolution of a discrete ﬁnancial mar-
ket model with many types of agents by focusing on the limiting distribution over
types of agents that is able to generate important stylized facts. F¨ ollmer, Horst &
Kirman (2005) consider a discrete ﬁnancial market model with adaptive hetero-
geneous agents, and under certain conditions the price process of which displays
fat tails. Rheinlaender & Steinkamp (2004) study a one-dimensional continuously
randomized version of the model of Zeeman (1974) and show astochastic stabiliza-
tion effect and possible sudden trend reversal. Other related works include Hens &
Schenk-Hopp´ e (2005) who analyse portfolio selection rules in incomplete markets
where the wealth shares of investors are described by a random discrete dynamical
system, Lux & Schornstein (2005) who present an adaptive model of a two coun-
try foreign exchange market where agent learn by using genetic algorithms, B¨ ohm
& Chiarella (2005) who consider the dynamics of a general explicit random price
process of many assets in an economy with overlapping generations of heteroge-
neous consumers forming optimal portfolios, and B¨ ohm & Wenzelburger (2005)
who provide a simulation analysis of the empirical performance of portfolios in a
competitive ﬁnancial market with heterogeneous investors and show that the em-
pirical performance measure may be misleading. Most of the cited papers focus
on the existence and uniqueness of limiting distributions of discrete time models,
rather than the existence and stability of multiple limiting distributions of continu-
ous time models that we consider here.
7.1. A Continuous Stochastic Model with Fundamentalists and Chartists. In
this section we sketch out a continuous time stochastic version of the most basic of
the models discussed earlier.27 We use a continuous time model since it allows us
to use the concepts and stochastic bifurcation techniques from the theory of random
dynamical systems (see Arnold (1998) ) to conduct a quantitative and qualitative
analysis of the stochastic model and examine the existence and stability of invariant
measures of the equilibrium market price. Also we have chosen this framework
as it is a stochastic extension of the basic early model of Chiarella (1992) . We
investigate the equilibrium distribution of the market price through a numerical
study of the stochastic bifurcation, and show that the market price can display
different forms of equilibrium distribution, depending on the speculative behaviour
of the chartists.
As in previous sections we consider two types of investors, fundamentalists and
chartists. The changes of the risky asset price P(t) are brought about by aggregate
excess demand of fundamentalists (D
f
t ) and chartists (Dc
t) at a ﬁnite speed of





where pt = lnP(t) is the logarithm of the risky asset price P(t) at time t. The
excess demand of the fundamentalists is assumed to be given by D
f
t (p(t)) =
a[F(t) − p(t)], where F(t) denotes the logarithm of the fundamental price that
clears fundamental demand at time t so that D
f
t (F(t)) = 0 and a > 0 is a
constant measuring the excess demand of the fundamentalists brought about by the
27This section draws on Chiarella, He & Zheng (2007) and Chiarella, He, Wang & Zheng (2007).HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 47
market price deviation from the fundamental price. The chartists’ excess demand
is determined by ψ(t), their assessment of the current trend in p(t). Their excess
demand is assumed to be given by Dc
t(p(t)) = h(ψ(t)), where h is a sigmoid
type function. We simply assume that ψ is taken as an exponentially declining
weighted average of past price changes, which can be expressed as dψ(t) =
c[ ˙ p(t) − ψ(t)]dt, where c ∈ (0,∞) is the speed with which chartists adjust
their estimate of the trend to past price changes.
We thus obtain the asset price dynamics
 
dp(t) = a[F − p(t)]dt + h(ψ(t))dt,
dψ(t) = [−acp(t) − cψ(t) + ch(ψ(t)) + acF]dt. (62)
When the fundamental price F is a constant, then the system (62) has a unique
steady-state (¯ p,ψ) = (F,0), which is locally stable if and only if c < c∗ =
a/(b − 1), where b = h′(0) represent the slope of the demand function at ψ =
0 for the chartists. For c > c∗ the dynamics are characterised by a stable limit
cycle. For the rest of this section, we will only consider the case b > 1.
Using the notation of stochastic differential equations, the fundamental value F(t)
is assumed to follow dF = σ ◦ dW, where W is a two-sided Wiener process28
and σ > 0 is the instantaneous standard deviation (volatility) of the fundamental
returns. Here the circle ◦ indicates that the SDE is interpreted in the Stratonovich
sense,29 rather than the Itˆ o sense. The dynamics can be expressed as a nonlinear
Stratonovich-SDE system in terms of the variables ψ and φ, namely
 
dψ = φdt,
dφ = [−a − c + ch′(ψ)]φdt − acψdt + acσ ◦ dW. (63)
Once the dynamics of ψ(t) have been obtained, the dynamics of the log price p(t)
can be obtained by integrating the ﬁrst equation in (62).
7.2. ARandomDynamical System andStochastic Bifurcations. Using themeth-
ods outlined in Schenk-Hopp´ e (1996b), it can be shown that (63) deﬁnes a global
random dynamical system (RDS). A random dynamical system (RDS) consists of
two ingredients: a model describing a dynamical system perturbed by noise and
a model of the noise itself. We use stochastic bifurcation theory to help us to un-
derstand the stochastic nature of the random dynamical system (63). In particular,
the study of its limiting distributions. To do so we use numerical tools to ana-
lyze the model, largely motivated by the work of Arnold, Sri Namachchivaya &
Schenk-Hopp´ e (1996) and Schenk-Hopp´ e (1996a) on the noisy Dufﬁng-van der
Pol oscillator.
In the analysis of stochastic differential equations one may consider two types of
bifurcation, this is essentially to do with the fact that SDEsmay be considered from
the pathwise point of view, or the probability distribution point of view. The ﬁrst
approach corresponds to the so-called dynamical (D)-bifurcation, which examines
28A two-sided Wiener process is one that evolves both backward and forward in time.
29The Stratonovich stochastic integral is used in the theory of random dynamical systems as the
chain rule of ordinary calculus applies, and this facilitates many of the theoretical developments.48 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
the simultaneous behaviour of paths forward and backward in time and encapsu-
lates all the stochastic dynamics of the SDEs. The second approach corresponds
to the so-called phenomenological (P)-bifurcation. The stationary measure is a
quantity corresponding the solution of the corresponding Fokker-Planck equation.
As indicated in Schenk-Hopp´ e (1996a) and the references cited therein, the differ-
ence between P-bifurcation and D-bifurcation lies in the fact that the P-bifurcation
approach focuses on long-run probability distributions, while the D-bifurcation ap-
proach is based on the pathwise viewpoint and focuses on invariant measures, the
multiplicative ergodic theorem, and Lyapunov exponents.
D-Bifurcation—We take c, the speed of adjustment of the chartist towards the
trend, as the bifurcation parameter. A D-bifurcation occurs if a reference invari-
ant measure  c depending on the parameter c loses its stability at some point cD,
and another invariant measure νc  =  c exists for some c in each neighborhood
of cD with νc converging weakly to  cD as c → cD. Thus, the D-bifurcation
focuses on the loss of stability of invariant measures and on the occurrence of new
invariant measures. TheD-bifurcation approach is anatural generalization of deter-
ministic bifurcation theory, if one adopts the viewpoint that an invariant measure
is the stochastic analogue of an invariant set, for example a ﬁxed point, and the
multiplicative ergodic theorem is the stochastic equivalent of linear algebra. The
D-bifurcation may be examined through the calculation of Lyapunov exponents
and random attractors.
 
FIGURE 18. Lyapunov exponents and rotation number as a func-
tion of c for a = 1, α = 2, β = 1, σ = 0.02.
Let  c be an invariant ergodic probability measure for the random dynamical sys-
tem generated by(63) depending onthe parameter c. Wetake h(x) = αtanh(βx),
where α,β (> 0) so that b = h′(0) > 1 is satisﬁed, which corresponds to the
appearance of complex phenomena in the deterministic case. By relying on the
multiplicative ergodic theorem we know that the Lyapunov exponents of the RDS
(63) indicate the stability of the invariant measure. Below a certain critical value
cD the Lyapunov exponents are negative and are associated with a stable invari-
ant measure (stable in the sense that it attracts all trajectories starting sufﬁciently
closely to it) that we denote by  c. Above the critical value cD the Lyapunov
exponents become positive and a second pair of negative Lyapunov exponents ap-
pear. The original invariant measure  c, associated with the positive Lyapunov
exponents, now becomes unstable (that is, stable in reverse time) and a new stableHETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 49
invariant measure, νc, is born and is associated with the negative Lyapunov expo-
nents. Fig. 18 illustrates the Lyapunov exponents for c varying between 0 and 6.5.
Below the critical value cD(≃ 1) we see the two negative Lyapunov exponents
λ1( c), λ2( c) associated with the stable invariant set  c. At around c ≃ 0.25
the two values come together and at the same time a rotation number κ( c) ap-
pears, indicating (stochastic) cyclical convergence to the steady state. Above cD
the Lyapunov exponent becomes positive (and still has an associated rotation num-
ber). Finally two Lyapunov exponents appear above c ≃ 5.8 and the rotation
number shrinks to zero. The associated invariant measure  c becomes unstable as
c passes through cD.
Whenλ1,2( c) > 0, twoother Lyapunov exponents emerge, denoted byλ1,2(νc),
satisfying λ2(νc) < λ1(νc) ≤ 0, which indicates that a new stable invariant
measure νc appears. There is an associated notation number κ(νc) indicating
ﬂuctuating convergence to the random attractor. This means that there always ex-
ists an invariant measure  c in the market. However, when the chartists extrapolate
the price trend weakly (so that c < cD), this invariant measure is unique and sta-
ble; when the chartists extrapolate the price trend strongly (so that c > cD),
there exists a new invariant measure νc such that the original invariant measure
 c becomes unstable and the new invariant measure νc is stable. We note that the





































































(b) c = 1.1
FIGURE 19. The random attractors when a = 1, α = 2, β = 1,
σ = 0.02, where the initial value set D comes from a uniform
distribution.
The Random Attractors—We may characterize the stochastic Hopf bifurcation
of the invariant measure by using the concept of random attractors. Changes in the
Lyapunov exponents indicate the changes of invariant measures. To actually give
more information about invariant measures, we still need to examine global ran-
dom attractors. These are essentially compact sets that attract the dynamic paths
in the long run, and are of particular importance since on them the long-term be-
haviour of the system takes place. The deﬁnition of a global random attractor is
based on the so–called pullback process which consists in simulating from a whole
set of initial values moving from time −t to time 0 (and not from 0 to t). This50 CARL CHIARELLA, ROBERTO DIECI AND XUE-ZHONG HE
enables us to study the asymptotic behaviour as t → ∞ in the ﬁxed ﬁbre30 at
time 0. By increasing t the mapping is made to start at successively earlier times,
corresponding to a pull back in time. The pullback operation is shown in Fig. 19
with a uniform distribution of initial values at different times t and two values of
c, c = 0.5(< cD) and 1.1(> cD).
When c = 0.5, through the pullback process, we can see from Fig. 19(a) that
all paths from the initial set shrink to a random ﬁxed point x∗(ω) which is dis-
tinct from zero. Moreover, numerically it is observed that, under time reversion,
the solution of the system → ∞ for any x0  = x∗(ω), which implies that there
is no other invariant measure. Linking with the calculation of the Lyapunov ex-
ponent in Fig. 18, we know that the system is stable with the largest Lyapunov
exponents being negative and it has a unique and stable invariant measure which
is a random Dirac measure  ω = δx∗(ω) and the global random attractor is
A(ω) = {x∗(ω)}. This is exactly the stochastic analogue of the correspond-
ing deterministic case discussed earlier.
















FIGURE 20. Global random attractor for c = 1.1, a = 1, α =
2, β = 1 and σ = 0.02.  ω: unstable invariant measure, νω:
stable invariant measure. ν′
ω: additional invariant measure
However, when c = 1.1, we observe from Fig. 18 the occurrence of positive Lya-
punov exponents. Applying the pullback operation again, we see from Fig. 19(b)
that a different behaviour emerges, compared to the case of c = 0.5. A random
circle becomes visible (at t = 100 in Fig. 19(b)) and further convergence takes
place on this circle. Finally all trajectories converge to a random point x∗∗(ω). We
ﬁnd that, again, the invariant measure is a random Dirac measure νω = δx∗∗(ω)
which is stable with the nonpositive largest Lyapunov exponent. However, through
the time reversed solution, we show that the invariant measure  ω = δx∗(ω) ex-
ists in the interior of the circle, which is illustrated in Fig. 20. Also, the invariant
measure  ω = δx∗(ω) is unstable and has two Lyapunov exponents that are pos-
itive. In addition, under time reversion, x∗∗(ω) is not attracting. As suggested in
Schenk-Hopp´ e (1996a) , another invariant measure, say ν′
ω, on the random circle
exists, see Fig. 20. This analysis implies that, for c = 1.1, there exist more than
30The ﬁbre is essentially a sub-manifold of the Euclidean space on which the dynamics evolve.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 51
two invariant measures, one is completely stable and one is completely unstable,
and the global random attractor A(ω) which supports all invariant measures is a
random disc whose boundary is the random circle shown in Fig. 19(b).
In summary, our analysis on the D-bifurcation gives us insights into the signiﬁcant
impact of the chartists on the market equilibrium distributions. These distributions
can be characterized by the invariant measures of the SDEs. We show that there
exists aunique stable invariant measure inthe market. However, the stable invariant
measure changes quantitatively when the chartists change their extrapolation of the
trend. The change can be described by the stochastic Hopf bifurcation. We have
observed that the Hopf bifurcation remains on the level of the invariant measures
as the loss of stability of a measure and occurrence of a new stable measure, and
on the level of the global attractor as the change from a random point to a random
disc.
P-Bifurcation—The analysis of D-bifurcation gives us a perspective from a dy-
namical systems viewpoint by focusing on the evolution of the random dynamical
system. However there is also a probability distribution viewpoint, which is best
captured by focusing on the stationary measure. The P-bifurcation approach to
stochastic bifurcation theory examines the qualitative changes of the stationary
measures. The stationary measure P has a probability density that is the stationary
solution of the Fokker-Planck partial differential equation associated with the ran-
dom dynamical system. It can be shown that there is a one-to-one correspondence
between the stationary measure P and the invariant measure  ω (see Arnold (1998)
).
The P-bifurcation approach studies qualitative changes of densities of stationary
measures ρc when c varies. Hence, for the P-bifurcation, we are only interested in
the changes of the shape of the stationary density. For a = 1, α = 2, β = 1,
and σ = 0.02. Fig. 21 shows the joint stationary densities (the left hand panel)
and the marginal densities (the right hand panel) for the log price p. We can
see from Fig. 21 that, for c = 0.5, the joint density in the (p,ψ) planes has
one peak and the marginal densities for p is unimodal, which correspond to the
stable Dirac invariant measure  ω = δx∗(ω) with the global random attractor
A(ω) = {x∗(ω)} under the D-bifurcation analysis. However, for c = 1.1, the
joint density in the (p,ψ) plane has a crater-like shape and the marginal densi-
ties for either ψ or p are bimodal. This change is underlined by the stable Dirac
invariant measure νω = δx∗∗(ω) with the global random attractor of a random
disc under the D-bifurcation analysis. For c = 1, the joint and marginal den-
sities can be regarded as the transition from single peak to crater-like (from uni-
modal to bimodal) densities. Therefore, as the chartists’ adjustment parameter c
increases, the qualitative changes of the stationary density indicates the occurrence
of P-bifurcations.
Summary—Our analysis shows that D- and P-bifurcations characterize the sto-
chastic behaviour in different ways. We know that when the chartists extrapolate
the trend weakly (so that c < cD), the system only has one invariant measure




FIGURE 21. Joint stationary densities of the log price p and the
assessment of the price trend ψ and the corresponding marginal
distributions for the log price p.
peak. However, when the chartists extrapolate the trend strongly (so that c > cD),
a new random Dirac measure δx∗∗(ω) appears and the corresponding stationary
measure has a crater-like density. Quantitative changes under the D-bifurcation can
help us to obtain a better view of the qualitative changes under the P-bifurcation,
but the combined analysis of both D- and P-bifurcations certainly gives us a rela-
tively complete picture of the stochastic behaviour of the model. Future research in
this area will use the stochastic bifurcation concepts discussed here and apply them
to more enhanced models of the BRHA type discussed in Section 3 and Section 4.
It will probably also be necessary to introduce market noise as well as fundamental
noise, since we have seen in Section 5 that this seems necessary to get the BRHA
models to generate the stylised facts of ﬁnancial markets.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 53
8. CONCLUSIONS
In this chapter we have discussed the introduction of agent heterogeneity with re-
gard to risk preferences and expectations into a repeated one-period optimizing
market framework that underpins the traditional ﬁnancial market paradigm and its
well established pricing theories such as CAPM. We have considered the two most
common utility functions (CARA and CRRA) and the two common market clear-
ing mechanisms (the Walrasian auctioneer and the market maker). Combinations
of these two elements provide a rich array of models that are both nonlinear (due
to various behavioural features of the agents) and stochastic (typically due to fun-
damental and market noise). In all cases we have seen that application of the tools
of deterministic non-linear dynamical systems and bifurcation theory enable us to
observe that the deterministic skeletons of the models produce both local stability
to a fundamental equilibrium corresponding to that of the standard paradigm, as
well as local instability of the fundamental with a consequent rich range of possi-
ble complex behaviours involving various types of ﬂuctuations and/or co-existing
attractors. We have also seen how insights into the non-linear and stochastic ver-
sions of the models can be obtained both indirectly by simulation and directly by
applying the tools and concepts of stochastic bifurcation theory. Indeed we have
seen that a calibrated version of such a non-linear stochastic model is able to repro-
duce quite well the stylized facts of ﬁnancial markets. The BRHA framework is
thus able to accommodate market features that seem not easily reconcilable for the
standard ﬁnancial market paradigm, such as fat tail behaviour, volatility cluster-
ing, large excursions from the fundamental and bubbles. We stress again that here
these features are due to agent heterogeneity and the various agent types forming
expectations by fairly simple and economically intuitive rules of thumb.
Future research in this area is moving in several directions. First, there is a vast
amount of ongoing research into exploring further the dynamic behaviour of the
basic one risky asset-one risk free asset BRHA model.31 Second, the extension
from the single risky asset to multiple risky asset framework. We have already al-
luded to some of this work in Section 6, but much still remains to be done such as
the incorporation of stochastic elements, allowing for switching fractions of agents,
and the development of a BRHA version of CAPM so as to make clear the role of
agent heterogeneity on relative pricing of assets in ﬁnancial markets. As well as
the work already cited on this topic there is also the work of Chiarella, Dieci &
He (2006, 2007a) which constitute a preliminary exploration of a BRHA CAPM.
We should also cite the work of Li (2007) and Jouini & Napp (2006) on the same
theme. Third, the extension of the stochastic bifurcation analysis illustrated on a
simple model in Section 7 to more fully developed BRHA models containing many
of the elements of the models discussed in Section 3 and Section 4. Fourth, much
more needs to be done on the calibration and estimation of BRHA models. We
have discussed one such calibration in Section 5, but we should also point out the
work of Alfarano, Lux & Wagner (2005), (2007) who estimate a BRHA model in
a number of markets. Lux (2008) surveys recent literature on this topic. Since
31We cite in particular see Chiarella, Gallegati, Leombruni & Palestrini (2003), Chiarella, He &
Hommes (2006), Chiarella, He&Wang(2006), Hommes (2002), Iori (2002), Levy, Levy &Solomon
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the BRHA models are essentially partially observed dynamical systems in nature
it should be possible to approach the estimation problem using non-linear ﬁltering
methodology, this may prove a fruitful area of research in the near future. Fifth,
the dynamics of the model so far have come from an intertemporal repetition of the
one-period optimisation model. There is a need to go beyond this simple dynamic
framework and consider the heterogeneous agents optimising over several peri-
ods or over the inﬁnite future, in other words the development of a heterogeneous
agent version of the intertemporal optimising framework. There have already been
contributions along these lines in the discrete time framework by Hillebrand &
Wenzelburger (2006a, 2006b). There has also been some work within the con-
tinuous time framework that is nicely summarized in Ziegler (2003), however the
focus of this latter work is usually on heterogeneity of information rather than het-
erogeneity of expectations. Furthermore these models largely lack the expectations
feedback aspect that is an essential aspect of the BRHA framework. Research in
this area should provide a rich research agenda over the next few years. Finally,
it would seem worthwhile to incorporate BRHA into macrodynamic models. The
work to date on BRHA models has shown the importance of agent heterogeneity
on ﬁnancial market behaviour. It is also well appreciated that the link between the
real and ﬁnancial sector is an important one for modern economies. Also over the
last two decades the world has witnessed a number of episodes where trend chas-
ing behaviour seems to have dominated over rational fundamental behaviour and
this behaviour in the ﬁnancial market has spilt over into the real economy. Thus it
seems worthwhile to incorporate agent heterogeneity into macrodynamic models.
A ﬁrst very simple attempt in this direction is given by Chiarella, Flaschel & Hung
(2006), but this area still remains largely unexplored.HETEROGENEITY, MARKET MECHANISMS, AND ASSET PRICE DYNAMICS 55
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